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Taming nonequilibrium thermal fluctuations in subthreshold CMOS circuits
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As CMOS technology scales down, thermal fluctuations increasingly impact circuit behavior, posing
challenges to conventional circuit design. However, the inherent stochasticity introduced by thermal noise
is now being explored as a potential resource in the emerging field of probabilistic computing. This work
presents a fully CMOS experimental platform that enables direct control over its intrinsic thermal fluc-
tuations. These devices function as programmable multivariate Gaussian samplers, offering a hardware
primitive for energy-efficient stochastic computing and serving as an experimental platform for studies in

electronic noise and stochastic thermodynamics.
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The aggressive miniaturization of CMOS technology
is a double-edged sword; as a transistor circuit is scaled
down in size, it becomes faster and more energy-efficient
[1], but it also becomes noisier [2]. As device dimen-
sions and supply voltages continue to be pushed to their
thermodynamic limits, the noise that is intrinsic to transis-
tors will begin to upset traditional deterministic computer
architectures [3,4].

Recent proposals suggest that this apparent roadblock
imposed by noise may be circumvented by building inten-
tionally stochastic probabilistic circuits (p circuits) into
a computing system [5—11]. P circuits harness the noise
present in all devices to generate samples from computa-
tionally useful probability distributions.

Compared to purely deterministic approaches, proba-
bilistic computer architectures can be more energy efficient
when running specific algorithms that rely heavily on ran-
dom sampling. Random sampling is expensive on a deter-
ministic computer: one must employ complex circuitry
involving thousands of transistors that generate pseudoran-
dom numbers [12]. These large circuits consume similar
amounts of energy to those implementing computationally
richer operations, such as addition.
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For a p circuit to be practically useful in computing, it
must be predictable, programmable, and performant. Pre-
dictability means that the stochastic dynamics of the p
circuit obey some simple physical model that can be used
to engineer it. A p circuit is programmable if the dis-
tribution it samples from can be tuned at runtime. The
performance of a p circuit is measured by its correlation
time, energy consumption, and physical size, which jointly
quantify the space-time-energy cost of using the circuit for
random sampling.

Current implementations of p circuits fall short in at
least one of these key areas. P circuits built using magnetic
tunnel junctions are a promising long-term direction as
they obey well-characterized stochastic dynamics [13] and
are straightforwardly programmed [14—16]. While these
devices are, in principle, compatible with CMOS processes
[17], work on integration is still underway [18,19], which
limits near-term performance [20,21]. To avoid these inte-
gration issues, practitioners have also considered p-circuit
architectures involving only transistors [22,23]. However,
current approaches generally rely on extremely sensitive
phenomena, such as the randomness of bistable latches at
power up [24,25], or are based on crude treatments of noise
[22], making programmability and prediction difficult.

Circuits of transistors operating in the deep subthreshold
regime are a natural candidate for building practical p cir-
cuits. Charge transport in these circuits is predominately
thermally activated, leading to shot-noise dynamics [26].
Recently, shot-noise models have been generalized from
the single-transistor level to networks of transistors via a
technique based on Markov jump processes (MJPs) [27],
suggesting that the stochastic dynamics of subthreshold
circuits may be rigorously predicted. Subthreshold net-
works are also straightforwardly programmable via control
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voltages. Additionally, small transistors leak more current,
increasing the performance of subthreshold circuits [28].

This paper experimentally demonstrates that practical
p circuits can be built using subthreshold transistors.
Specifically, we introduce and characterize a family of cir-
cuits that sample from voltage-programmable multivariate
Gaussian distributions. These circuits enable the control
of correlations between multiple degrees of freedom and
represent a powerful primitive that can be used either as a
standalone p circuit or as part of a larger circuit performing
a non-Gaussian sampling operation (p bits being the most
direct and prominent example [11]). Our work paves the
way for near-term, large-scale computers that leverage p
circuits; we have already applied the principles outlined
here in designing a probabilistic computing system that
runs diffusionlike models [29].

In addition to the potential of our work for probabilis-
tic computing, it also substantially advances our physical
understanding of shot noise in subthreshold transistors by
validating the MJP model presented in Ref. [27]. While
a large body of work studies shot noise at the single-
transistor level [26,30,31], studies of noise physics in
larger circuits are limited and often application-specific
[32]. Our work tests a simple and generic noise model
for subthreshold transistor networks against experimental
data, allowing the model to be confidently used in future
engineering pursuits.

The remainder of this paper will detail our Gaussian
sampling circuits, which we refer to as nonequilibrium,
adjustable temperature resistor networks (NEAT-RNs).
We will first introduce NEAT-RNs and explain (as sug-
gested by their name) how voltage controls can be used to
program their steady-state voltage distribution. Then, we
will demonstrate that the MJP model of Ref. [27] accu-
rately predicts experimental measurements of the behavior
of a simple 2D NEAT-RN. Next, we will demonstrate that
the programmability of NEAT-RNs can be significantly
enhanced by introducing additional degrees of freedom
that mediate interaction. Finally, we will discuss the speed
and energy efficiency of NEAT-RNs and demonstrate that
they are sufficiently performant to be useful as part of a
modern probabilistic computing system.

NEAT-RNs are composed of multiple CMOS inverters
with independent gate control, where mutual capacitances
couple the outputs of different inverters. The simplest non-
trivial example in the family is shown in Fig. 1(a). The
experiments discussed in the following involve the mea-
surement of the statistical properties of the signals v =
(v1, vp) for different operating voltages [see Fig. 1(c) for
examples of time series]. Most of the variability in those
signals is explained by two sources of noise: (i) thermal
fluctuations associated to the transport of charge through
individual transistors, and (ii) low-frequency fluctuations
in the overall conductivity of each transistor. While the
first contribution is of fundamental nature, as it has a

purely thermodynamic origin [26,27], the second one is
usually understood to arise due to material defects that act
as fluctuating charge traps [33—37]. The obtained data is
compared to an analytical model that is able to incorporate
both sources of noise. However, in what follows we restrict
the discussion to the analytical description of the thermal
fluctuations only, which are anyway the dominant ones as
they contribute around 70% of the total signal power in the
frequency range given by the measurement duration and
sampling rate (see Appendix D).

After linearization around an operating point, NEAT-
RNs become equivalent to a noisy RC network [38—40],
where the effective conductance and temperature of each
resistor can be controlled at will [see Fig. 1(b)]. When
the effective temperatures are equal, the system attains an
equilibrium steady-state probability distribution P(v) that
is entirely determined by the capacitances, which cannot be
controlled in nanoscopic circuits. However, if the effective
temperatures differ, the system attains a nonequilibrium
steady-state distribution that becomes dependent on the
effective temperatures and conductances. In this way, the
steady-state distribution can be controlled by manipulating
the voltages Vyy, and ¥, [see Figs. 1(f) and 1(g)].

Specifically, combining the MJP formalism of Ref. [27]
with the Enz-Krummenacher-Vittoz (EKV) model for sub-
threshold transistors [41], the steady-state fluctuations of a
NEAT-RN can be found to be approximately Gaussian,

P(v) aexp—% (v—v*)TEJ_1 (v—0%). (1)

Here, v is a vector of voltages for each node in the circuit,
v* is the dc level of each voltage, and ¥ is the steady-
state covariance matrix. X is given by the solution to the

Lyapunov equation,
GEC+CXG=2kG"?T G, )

where G is a diagonal matrix of effective linear conduc-
tances associated with each inverter, 7 is a diagonal matrix
of effective temperatures, and C is the circuit’s Maxwell
capacitance matrix. The matrix elements of 7 and G can be
written explicitly in terms of the circuit’s control voltages;
see Appendixes B and C.

In the limit that each inverter is balanced such that
v = Vfid /2 and the subthreshold slope parameter of each
transistor approaches 1 (see Appendix C), the expressions
for the matrix elements of G and 7 take an intuitive form,

[p

Gi=2 e ((Vur2=,) V1), ©)
I - 7! —f—exp(V’dd/ZVT)' @

2

Here, 15 is the EKV model current parameter for each
transistor. 7 is the physical temperature of the system
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FIG. 1. Predictable and programmable Gaussian sampling with a NEAT-RN. (a) A simple NEAT-RN: two independently controlled,

capacitively coupled CMOS inverters. (b) The fluctuations around the dc operating point of a NEAT-RN are equivalent to those of a
linear RC circuit with controllable effective conductances and temperatures. (c) Snapshot of the measured time series of voltages v,
and vy, for the operating point indicated by the arrow. For different points along the voltage sweep mentioned in the text. (d) Aspect
ratio of the covariance matrix of signals v, and v,, (¢) angle of the main principal component of the same matrix, and (f) normalized
gyration coefficient / (integration time #; = 200 ns). (g) Example of the delayed autocorrelation (left) and cross-correlation (right)
functions. (h) Example centered histograms of the signals v; and v, for two operating points. Dashed lines indicate the principal axes.
In all cases we fixed the powering voltages Véd =137+ 1mV, Vﬁd = 142 £ 1 mV and NMOS gate voltages V! = 12 =76 + 1 mV,

while PMOS gate voltages satisfy V), 4+ V5 =200 4+ 1 mV.

and V7 = kyT/q. the associated thermal voltage (g, is the
electron charge). We chose to eliminate the control volt-
age V' from this expression using the balance constraint.
This decision was arbitrary, and the expressions could be
written just as easily with Vziv eliminated.

This limiting case makes it clear that NEAT-RNs are
highly programmable; the effective conductance of each
branch can be set by varying the gate control voltage with
respect to Vyq, and the effective temperature can be ele-
vated with respect to the actual ambient temperature by
increasing V%, above ground. The potential values that G;;
and 7;; can take are limited by the onset of moderate inver-
sion, at which point the shot-noise modeling assumption
used to derive Eq. (2) becomes invalid. As long as the
devices are in subthreshold, 7" and G can be independently
controlled to program the p circuit with a wide range of
covariance matrices.

To empirically establish the predictability and pro-
grammability of our p circuit, we fabricated the circuit
shown in Fig. 1(a) using an advanced TSMC FinFET
[42—44] process and fit Eq. (2) to its steady-state voltage
distribution. Specifically, we fixed all voltages except for
the PMOS control voltages, which were swept such that

V}, + VIZJ =200+ 1 mV. Voltage time series were mea-
sured at each operating point, from which a covariance
matrix was estimated (the specifics of the fitting procedure
are outlined in Appendix E).

We characterized the measured covariance matrix via
its spectrum. Specifically, we computed the eigenvalues A,
and eigenvectors gy, satisfying Xq; = Arqr with Lo > Aj.
From the eigenvalues and eigenvectors of X, we define
the aspect ratio of the eigenvalues o and the angle of the
principal component 6,

o =/ ho/M, (%)
Examples of the observed steady-state distribution are
shown in Figs. 1(f) and 1(g).

Figures 1(c) and 1(d) compare the observed dependence
of o and 6 on Vzlz to the best fit of Eq. (2). These results
indicate that the fluctuations in the signals v; and v; can
be reliably controlled by changing the operating voltages
Vlﬁ. Additionally, we observe that the simple modeling

based on Eq. (2) effectively captures the main features of
the data. Thus, the produced signals are both controllable

and predictable.

0 = arctan((go)1/(q0)2).
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To establish that the MJP model can predict the dynamic
properties of a NEAT-RN, not just the steady-state dis-
tribution, we measure the circulation of the voltage state
and compare it to the prediction of the model. This circula-
tion can be quantified via the coefficient L(5¢) = (v x dv),
where v = v(t + 8¢) — v(?) is the displacement in time §¢.
At steady-state conditions, it is possible to rewrite L as

L(6t) = X181 — X5,1(61), (6)

where X 1 (81) = (v; (O vr(t + 88)) — (v; (D) (v (t + 81)) is
a delayed correlation, which can be obtained from time
series. The previous expression is known as the cross-
correlation asymmetry and is a measure of time-reversal
symmetry breaking [45—47]. For example, in Fig. 1(g)
we show the normalized delayed correlations yx;; =
X x/+/var(v;)var(vy) for a particular operating point. We
observe that the delayed correlations are indeed asymmet-
ric, indicating a breakdown of time-reversal invariance due
to the nonequilibrium conditions.

By analyzing the stochastic differential equation that
describes the dynamics of a NEAT-RN, it is possible
to derive the following expression for time averages of
delayed correlations (see Appendix F):

1
Xj,k = —/ dr Xj,k(f)
0

t
_ 1 [2 (]1 - e_”GC_1> CG‘I] o

1 j &

Figure 1(e) shows the normalized circulation coefficient
= (X, — Xy,1)/+/var(v)var(v,) for an integration time
of + =200 ns and the comparison with the model best
fit. As before, the agreement shows that the statistical
properties of the signals can be reliably controlled and
predicted.

Additionally, these results show that the device in
Fig. 1(a) can be considered an electronic implementation
of a Brownian gyrator, an elementary heat engine [48],
using CMOS circuits. Previous implementations of Brow-
nian gyrators have varied the environmental temperature
directly by heating or cooling the circuit [49], which is
more cumbersome than our electronic implementation.

NEAT-RNs with additional nodes allow for richer pro-
grammability than the minimal example considered thus
far. In such circuits, one can split the nodes into visible and
latent nodes. Then, the correlations among visible nodes
can be shaped by their common interaction with latent
ones, which naturally enhances the range of achievable
distributions.

To experimentally establish this enhanced programma-
bility, we built a 3-degrees-of-freedom (DOF) NEAT-RN
that utilizes a latent inverter to cover a larger range of two-
dimensional (2D) distributions, as shown in Fig. 2(a). The
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FIG. 2. Increasing the programmability of a NEAT-RN using
latent variables. (a) Extending the circuit in Fig. 1(a) by adding
an extra degree of freedom. The self-capacitance of each free
node is omitted. (b) Observed points in the plane angle-aspect
ratio for 8000 iterations of the control space exploration pro-
cedure, with V(liéz ~ 5.5Vr and ng ~ 7Vr. (c) Results of an
analogous protocol applied to the circuit in Fig. 1(a).

additional DOF mediates the coupling between the two
outputs, allowing for richer control of their correlation.

We studied the programmability of our NEAT-RNs
by exploring their control spaces for extreme covariance
matrices. Specifically, for fixed powering voltages Vgél/ 2,
we generated gate voltages V' /p (in the range [0, 1.75 V])
via a sampling procedure designed to find configurations
with extreme aspect ratios. The results are shown in Fig. 2.

By comparing Figs. 2(b) and 2(c), we can see that our
3-DOF NEAT-RN is much more programmable than the
2-DOF version. For any given value of 6, the 3-DOF cir-
cuit allows « to be controlled within a much larger range
than the 2-DOF circuit. In fact, for values of € near /4,
« can barely be controlled for the 2-DOF circuit, whereas
the 3-DOF circuit still features full programmability.

For a circuit to be an efficient entropy source in a
probabilistic computer, it must generate fluctuations large
enough to affect downstream devices. For thermally driven
electrical systems, this means the noise generator must
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produce voltage fluctuations comparable to V7. This inter-
action voltage scale applies to a broad class of physical
phenomena, including semiconductors and electrochemi-
cal reactions [50].

However, realizable passive circuits generate weak fluc-
tuations and are not efficient in practical applications.
Specifically, in a one-dimensional (1D) RC circuit,

var(NXE  Cp ®
V2 C’

where Cr = ¢*/kyT is the thermodynamic capacitance
scale, which is approximately 6 aF at room temperature.
Circuits fabricated using the latest transistor processes like
the one used here feature capacitances much larger than
this, C 2 300 aF.

As such, the noise amplification provided by NEAT-
RN is crucial to their utility in room-temperature systems.
For the 1D case of our NEAT-RN operating at the bal-
ance point of Egs. (3) and (4), the variance of the voltage
fluctuations is enlarged compared to a passive RC circuit,

I +exp (Vaa/2V7) v

5 ar(V)¢ 9)

var(V) =

the amplification factor depends exponentially on Vgy and
is around 10 for Vyy ~ 6V7.

Because this amplification is intrinsic to the inverter and
no complex external circuitry is used, it is achieved effi-
ciently. Specifically, we define the energy consumed by
the circuit per random sample as £ = Pt, where 7 is the
correlation timescale of the output signal, and P is the dc
power consumption P = Vy* given the dc current 7*. At
the balance point, 7 is

T=C (10)

where G is given by Eq. (3). The energy per sample
follows,

VaaC?

E= var(V) tanh <@> . (11)

qe 4VT
where var()) is as in Eq. (9).

Equations (9) and (10) elucidate a practically useful
property of our system: the timescale and variance of the
noise produced by our circuit are independently control-
lable. T can be made arbitrarily large or small (within
practical limits) by appropriately manipulating the gate
control voltages with respect to Vy4. In contrast, the vari-
ance depends only on the powering voltage. From Eq. (11),
we can see that the energy consumed per sample does not
depend on 7 and scales linearly with the desired variance
(in the limit Vyq > V7).

The parameters found from the previous fitting can be
used along with Eqgs. (10) and (11) to find that NEAT-RNs
could be used as a performant entropy source in a prob-
abilistic computing system. Namely, taking C ~ 1000 aF,
I ~ 1 nA, and AV = 5.5V, we find that £ ~ 15 al. In
the same scenario, the practical minimum value of t will
be achieved when V), = 0, at which point 7 ~ 1 ns.

Overall, we have shown that predictable, programmable,
and performant p circuits can be built using networks
of subthreshold transistors. These subthreshold networks
can now be easily integrated with other circuitry to build
probabilistic computers using advanced transistor pro-
cesses. We have already proposed one such architecture
in Ref. [29] and hope to report on its implementation in a
future contribution.

Moreover, our results motivate a deeper exploration into
probabilistic integrated circuit design. This burgeoning
subfield of analog design is mostly unexplored, offering a
rich landscape for new, useful circuit topologies and scien-
tific discoveries. These discoveries could include other the-
oretical developments, building on the work in Ref. [27],
or further experimental work to validate these theories.
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APPENDIX A: FABRICATION, CONTROL, AND
MEASUREMENT OF THE DEVICES

The experiments conducted in this work utilized a
test chip specifically designed to characterize noisy sub-
threshold circuits in detail. Our chip featured 8-bit DACs
with a dynamic range of [0,0.175 V] that were used
for manipulating control voltages. The output signals of
each experiment were measured using high-bandwidth and
high-input-impedance amplifiers, which were also imple-
mented on the same die. This amplification chain allowed
the analog signals to be routed off chip for measurement
using a 1-GHz oscilloscope.

APPENDIX B: SHOT-NOISE MODELS AND THEIR
DIFFUSIVE LIMIT

We consider the stochastic description of nonlinear elec-
tronic circuits developed in Ref. [27], where each con-
duction device in the circuit exhibits shot noise. The state
of the circuit is described by the net number of elemen-
tary charges in the free nodes (i.e., the nodes that are not
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regulated by voltage sources), given by a vector n € N¢,
where d is the number of free nodes. Pairs of free nodes
can be connected via conduction devices (diodes, tunnel
junctions, transistors, etc.) that are identified by an integer
index p > 0. If a conduction device is connected between
two free nodes, then elementary charges can jump between
them in both directions. For each device p, we assign a
transition rate A, ,(n) to forward conduction events n —
n+ A,, and a transition rate A_,(n) to backward conduc-
tioneventsn — n+ A_,, with A, = —A_,. The forward
direction is arbitrary, and the vectors A, encode the change
in the state n corresponding to each jump or transition.

For any state n, the voltages of the free nodes can be
computed as v = g.C~'n + v,, where C is the Maxwell
capacitance matrix of the free nodes, ¢. is the charge
of the elementary charges, and v, is a constant vector
that depends on the regulated voltages. Let P;(v) be the
probability to observe voltages v at time . Given the pre-
vious description, P;(v) evolves according to the master
equation:

UPi(v) =D hy(w — q.CT AP0 — g.CT'AY)
P

= 2, )P), (B1)
0

where we abuse notation by considering the rates A, (v) to
be now functions of the voltages v. A diffusive approxi-
mation of this Markov jump process can be obtained by
a second-order truncation of the Kramers-Moyal expan-
sion of Eq. (B1), which corresponds to the limit of large
capacitances ||C|| > Cr. In that case, Eq. (B1) reduces to
a Fokker-Planck equation, which implies that the dynam-
ics of the system can be approximately described by an It6
stochastic differential equation (SDE) of the form:

C-dv = pn@)dt + 2K () - dW, (B2)

where W is a vector of independent Wiener processes. This
approximation is uncontrolled and fails to capture large
fluctuations [52,53], but properly describes the first and
second moments of P;(v) in the limit of large capacitances
[54]. The drift vector u(v) and diffusion matrix K(v) can
be obtained from the transition rates A, (v). In turn, the two
transition rates A+, (v) associated to the conduction device
o can be related to its phenomenological IV curve /,(Av)
via the thermodynamic consistency relations [27]:

Ap(V) = A_,(v) =1,(Av,)/qe

(B3)
Ap(v) + A_,(v) = coth (Av,/2V7) I,(Av,)/ge.

Using Eq. (B3), it is possible to obtain the following
expressions for the drift vector and diffusion matrix:

@) =" 1,(Av,)A,,
’ (B4)

p’

qe
K@) == ;lp(mp) coth (Av,/2V7) A, - AT

where Av, is the voltage drop across device p in state v.

For circuits with deterministic fixed-point attractors v*,
for which pu(v*) = 0, the stochastic dynamics in Eq. (B2)
can be linearized to

C-dv=—-G-(v—v"dt+2kGT - dW, (B5)

where we have defined the effective conductance matrix G
with elements Gj; = —9,, u; (v*) and the effective temper-
ature matrix 7 = G~'K (v*) /ky. The steady-state distribu-
tion of the previous dynamics is given by Egs. (1) and (2)
in the main text.

Finally, we note that for a one-dimensional case the
linearized dynamics of Eq. (B5) has the following steady-
state autocorrelation function:

kyT

X80 = Te—<G/C>"”‘, (B6)

which leads to the following Lorentzian one-sided power

spectral density (PSD):

PU) = L+ /f)»)’

with Py = 4k,7 /G and fy = G/ (27 C).

(B7)

APPENDIX C: EKV-BASED MODEL OF AN
INVERTER

We now consider a single inverter [the left or right pair
of transistors in Fig. 1(a)]. According to the extension of
the EKV model including DIBL effects as presented in
Ref. [55], the current through the NMOS transistor is given

by
I, = I log? (1 4 VeV /2mn o sb/zeynvdsn)
— I"log? (1 4 eWeb=Vi)/2m o= Vab/2 g Vds/2> . (Cl)

where 17, Vi, n,, and y, are model parameters and the volt-
ages Ve, = Vi, Vi = 0, Vg = Vi = v are here expressed
in units of the thermal voltage V7. The same expression
gives the current /, through the PMOS transistor, this time
in terms of parameters I, V4, n,, and y,, by just replac-
ing I, — —I, and using the voltages Vg, = —(V, — Vaa),
Vib =0, Vap = Vs = — (v — Vaa)-
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It is useful to take a number of approximations in order
to make analytical progress. In particular, we consider
the subthreshold regime where e/sp="7/2mp « 1, and
neglect DIBL effects (i.e., we set y, = y, = 0). Then, the
currents /, and /, reduce to the following functions of the
output node voltage v:

I,(v) = Ige_(Vp_Vdd)/np(l _ eU—Vdd)’
—_—
! (C2)
L) = Ije"™ (1 —e™),
——

Cn

. /p .
where we have now incorporated factors e~ Vo Imip into
the respective constants 1;’”. The deterministic output
voltage v* satisfies 1, (v*) = I,(v*), which under the above

approximations leads to the expression:

v, 2
ev* — g (1 _ C_n> + (1 _ ﬁ) +4C_nerdd
2 cp cp cp

(C3)

Using this, we obtain that the effective conductance is
given by

G=V'\(e —e)? +dcpene . (CH)

Also, the effective temperature is given by

%
Joy T = qzé; [coth ((Vaa — v*)/2) + coth (v*/2)], (C5)
where I* = (¢, + ¢, — V7rG)/2 is the stationary current.
The balanced conditions considered in the main text are
achieved when ¢, = ¢,. The expressions in the main text
also assume that the subthreshold slopes are 1 for all
transistors (i.e., n,/, = 1 for all inverters).

APPENDIX D: SPECTRAL ANALYSIS

Figure 3(a) shows the PSD of the signal v, obtained
numerically from the time series, at different operating
voltages. The dashed black lines over each PSD show the
result of fitting them with the following model:

__ B L
P(f)—1+(f/ﬁ))2+fa+3.

The first term corresponds to the Lorentzian spectrum,
which is expected from the theory in the previous sections.
The second term aims to capture the pink noise dominat-
ing at low frequencies, while the last term accounts for
a flat spectral contribution possibly associated to extrin-
sic noise sources (for example, the amplification stage).

(D1)
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V) Vp =217
i~ 10712 V;nl/VT =3.25
=) Vi Vi = 437
= 1013 VLV = 5.46
S
= 10714
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10° 10° 107 108
!
(b) x10~5
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cf:; —4— Base Variance
— 0.75
E
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=
0.25 1
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FIG. 3. (a) Power spectral density of the signal v; for different

values of the control voltage V};. (b) Total variance of the signal
vy, as well as its different spectral contributions, as a function of
V). Same settings as in Fig. 1.

This decomposition allows to split the total power or vari-
ance of the signal into different contributions, as shown
in Fig. 3(b). Finally, we note that the effective temper-
ature can be computed from the parameters Py and fy
as k7 = CfyPor /2, where C is the total output capaci-
tance of the inverter in question [for example, for the left
inverter it is C = C; + 1/(1/C, + 1/C,,), in terms of the
self-capacitances C,, and the mutual capacitance C,,].

APPENDIX E: DATA ANALYSIS AND MODEL FIT

The comparison of the experimental data with the the-
oretical model proceeds in three stages: (i) determination
of intrinsic parameters for each individual inverter, (ii)
effective modeling of 1/f noise sources, and (iii) deter-
mination of global capacitance matrix based on observed
correlations. The raw time series and the code used for the
analysis can be found in Ref. [51].

In the first stage, for each inverter we simultaneously
fit the average output voltage (v), the frequency fy, and
the effective temperature k,7 based on Egs. (B4), (BS),
and (C1). The results are shown in Fig. 4. Panels (a) and
(b) show that the dynamics of the system is well cap-
tured by the model based on Eq. (C1), while panel (c)
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FIG. 4. For each individual inverter, (a) average voltage out-
put, (b) frequency fy, and (c) effective temperature 7 as obtained
from the spectrum [see Eq. (B7)]. The dashed lines indicate the
theoretical results from Egs. (B4), (BS), and (C1) after fitting the
three quantities simultaneously. Same settings as in Fig. 1.

shows that the shot-noise modeling assumption leading to
K (v) in Eq. (B4) is able to describe the intrinsic thermal
fluctuations for the operating voltages employed.

In the second stage we aim to describe the variability
of the low-frequency pink-noise variance [see Fig. 3(b)],
which is the second largest contribution to the total vari-
ance in the signal. Low-frequency noise in MOS transistors
is usually modeled as stochastic fluctuations in the thresh-
old voltage Vy,, caused by the presence of fluctuating
charge traps in the gate oxide, which collectively give rise
to a 1/f -like spectrum [33—37]. A small-signal analysis of
the dc model of each inverter based on Eq. (C1) offers a
simple approach to understand how fluctuations in Vy, are
mapped to the measured output. For this, we just need to
consider the gains g,, = |dv*/dV,/"|, indicating how the
deterministic output voltage v* changes with small pertur-
bations of each of the two threshold voltages. These gains
can be easily computed from the model using the parame-
ters fitted in the previous stage [see Fig. 5(a)]. Then, if S, ,
is the total power of the fluctuations of the threshold volt-
age th/p in the frequency range corresponding to the total
observation window and sampling rate, the total power of

(a)
g ;
a In,
g 90 | 1\2
'93‘ |gp,l‘
§ |9n,2‘2
< |9p,2‘2
£ 10+
ey
=
]
d
=
[CEE
(b)  x10°®
&; /"\ Pink Variance - Left inverter
\@/ 6 1 4\ —4— Pink Variance - Right inverter
S
z
—
e
%
g
= 2 4
=
&
40 60 80 100 120 140 160
v, (mV)

FIG. 5. (a) Power gains |g,/,|* for each inverter, computed
from the model with the parameters obtained from the fit in
Fig. 4. (b) Total variance of the pink noise for each inverter.
Dashed lines correspond to the best fits according to the model
in Eq. (E1). Same settings as in Fig. 1.

low-frequency fluctuations in the output signal in the same
frequency range is given by

Sur =g Su+2 Sy + So, (ET)

where Sy accounts for external sources of low-frequency
noise, and it was assumed that the three sources of noise
involved are independent. Figure 5 compares the total
variance due to low-frequency noise as a function of the
operating point, as well as the result from the fit using the
model in Eq. (E1). We see that, despite its simplicity, this
approach allows most of the variability to be explained.

In the last stage we compare the covariance matrix
obtained by solving Eq. (2) in the main text with the
experimentally observed covariance matrix for different
operating points, which allows estimation of the self and
mutual capacitances of the inverter outputs. This is done
as follows. We compute the conductance G and the effec-
tive temperature 7 for each inverter at each operating
point, using the model parameters obtained in the first
stage. Then, given a capacitance matrix C constructed
from proposed values of Cy, C,, and C,,, we solve the
Lyapunov equation in Eq. (2) to obtain an expected covari-
ance matrix X. This covariance matrix is compared to the
one estimated from the experimental data, which has the
Lorentzian component of the variances as the diagonal
elements and the observed correlation X (8¢ = 0) as the
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FIG. 6. (a) Lorentz variance and (b) Pearson correlation coef-

ficient of the signals v/, as a function of the operating point.
Same settings as in Fig. 1.

nondiagonal elements. The results from this procedure are
shown in Fig. 6.

Finally, Figs. 1(d) and 1(e) in the main text show the
aspect ratio and angle of the covariance matrix of the
raw time series (that is, including all noise contributions).
The dashed lines in the same plots were computed from
the fitted model by considering a covariance matrix X =
X1 + Xy, where X is obtained by solving the Lyapunov
equation in Eq. (2) and X, is a diagonal matrix with
elements S/ | and Sy s » computed according to Eq. (E1).

APPENDIX F: GYRATION COEFFICIENT

We now sketch the derivation of Eq. (7) for the delayed
correlations. We first note that, at steady-state conditions,
the delayed correlations X x(8) can be written as

X x(80)

= /‘dv/dv’(v;i — )W — V)P, t 4 8t|v, HP(v)

= /dv (v; — UJ’F) [efétcflG (v — v*)]kp(v)

_ [e—StC*lG E] _ [E e—atGC*l]

F1
- (F1)

kj

where we have used that, for the linear process in Eq. (B5),
the conditional probability P(v’, ¢+ 8t|v, ) is a Gaussian
distribution with an exponentially relaxing mean value
(V') = v* +eC 0. (y —v*), and that the stationary

distribution P(v) is given by Eq. (1). Equation (7) fol-
lows by just using that [’ dre™™ = A~'(1 — e~4) for
any invertible matrix 4.
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BHPRAESHT MATERMENSNRAEENEREBER [12], XEAZERMARNEE, SILERMEMINEXFIHEARTEFEMIZIERTE
BRHAEREETE LT,

[£#] (Right Column)

ATEp BRETETALGEANE, E4HE AN, TRENHERSMEN. FTHNEENE p BRI HFERELATATHE
HITTERITHOERYIRER, MREILUSTRIATERITREND S, B4 p BEMERIREELEN. — p BERNMEEZHEXEE
(correlation time) . REFEFIMIEER T REEN, XLEHRENT ERAZERHITHNRENTIE. NiBfMEEEMZ.

HETX p BERAOKIM, EXEXRMHEDE-—TEMRRR, FIRAEESEN p BRE—MUENFIR, BREFTIERMENEIIFER [13],
BS TR [14-16], REXLERAERN LS CMOS TZHR [17], ERXTFERNMRMTTHITE [18,19], XIRH T EHARMERE (20,21, AT
BRXEERNE, FAEHNEEINESRAEEN p BRI [22,23], AT, BRNGEEEKIIRASBNNER, BN HEFSREMER
BIBEALIE [24,25], BERETHEREAVERNE [22], EEEEMTINESEYE,

ERETRERS TETHRAEBREWESL p ERNVBAREE, EXLERP, BERFTHTIEERANEN, SHBNIEEDIZ 26, &
i, BREERE R ETB/RATKRBENEE (MIPs) AN PR REE KT DIRAEERLE [27], REAILHESBRIFEEF R R ST


https://doi.org/10.1103/5l2z-3f1h

Mo WS, WHENKLSTRE.. (L TEER, #FFR)

TARENE (Footnotes):

o *BXER{EE nireitas@extropic.ai
o T XEMEEWATERERISE
o T BXER{EE: trevor@extropic.ai

HEEMEFSRBEIIRAZESR 4.0 BFTIRRERT. MREmB#H—F D RETRFFREERFARBXENRE. BT5IHHM Dol HER,

[£#£] (Left Column)
o, NERAESHEESHER, MMEATSERRREIEE (28]

=. NEAT-RN BRIFEHSESBETE

IBS LI, ERTAESREERTLUESTAN p Bk, AEME, HRINMAFARLET LILEIBEREN. NSLZESHOHRHITH
FREBER, XLEBRII T ES N BEHEZEEHEXEREES, HEER—MEANERIE (primitive) , BERTLASRIRAMER p B, WEILUEAEE
REBEPHITIESHREREN—ID (HEPSRARREESEZENME p L 11D . RN IIEAFIAE p BEANEHE. AFUETHEVI#ETTE
B, HINELBXEFIHNRENAET —MBIT3Y 8URE (diffusionlike models) BIBERITERSRYIZITH [29]

BT BN IEER R ESERES, EIRIEXHE [27] hIREA MIP RE, SRt T HITEYERE N T REREERERIRS

(shot noise) HYIEfR, BABRLSHARBERAEEKTHNIZENTIIE[26,30,31], BEAZRBRFHRIGENENZNIIEMARER, BEE2H
HFER AR [32], HANNIIEEIEREE, W7 — MR EERNTHERAENBREEL, GERERATUERRN IR PR OME
%O

BXHFREBIEFANBRNOBHHRAF BRI, HOVEEMNN . AARERENS (NEAT-RNs). EITEELNE NEAT-RNs, FHRR

(EWNERB FAEEREY) EEABEERRERSBEDHHITHEE. AF, BIPEBRTXE [27] 8 MIP AT LUEHTUN — & 82/9 2D
NEAT-RN BUTTARSEIOMEBLER, TR, BIVERRE, @BISIANNSHEEERNTGINEHRE, AILUEBEER NEAT-RNs MAIfHEN. &E, i)
$EI1HIL NEAT-RNs BIEEMEERL, FIERENRUAMABRITBERAN—ERDIREPIRRIMLEE.

NEAT-RNs B Z N REMIMRIEHE CMOS kiESRAM, HPEBRAHE T AERESENAEL. X—XPRERNIEFATHN B 1(a) Fim. T
SO REVERR TERETES v = (v1, vo) WFEIHFE (XTHEFFINTG, EEH B 1(c) . XEESHABIEXRATHAEME
FEIRRAER. () SHABETSRREECHEXNANE; UK (i) BN REEBREBSRNMTKE. BAF MM AEEEMYIEFEER, BAA
ERE...... (FLH)

[£%] (Right Column)

...... AR DR [26,27], E_BUEERINNZHEMEHRIES R, XEREEZIREEAMHNIER [33-37], BXLRENHES—1 68
BAMMEERIEITERHITI. AT, EETROABH, RINCHHERREXN AKE B@irER L, RARKERSTSHUR, EH
MERHKFRFRLENMFTER, ENERT SESHERNL 70% (BUHR D).

F— P IERMBELMZE, NEAT-RNs BEENT—MEBRER RC M4 [38-40], HAE M EENEMESNENEEEILUBERS [
T E1b). HEMEEREN, RFHEH— THRSEESSE P(v), ZOHhTLHBRRE, MESEHKRBERPRBIETHN, A, 0
REMBERR, RABERE— ELEREDE, ROBFRIRTERRENES, BEIXMAR, ALUBTRHUBE V], 7 V;f/p RIEHITRS
S [B1 B 1(f) M 1(9)l

BiATE, Bk [27] 89 MIP e 5 TEEERAER Enz-Krummenacher-Vittoz (EKV) 2! [41] 1844, BILUKIE NEAT-RN BURRAHKE RN 2T
=87 (Gaussian) 97

P(v) o exp (—%(v I v*)) L

ik, v REERPEIMTRANBERE, v* 281 RENER (do) BT, X 2RSMAEEMR, ¥ B FREEXSTRE (Lyapunov equation)
)

GZC + CXG = 2k,GV’TGY?,  (2)



Hi G 258 M REBRBENERAMBSHNNAER, T RENEENNAER, M C 2RBNERMFERIER, T G BEETREITUE
A ERREEHIRERS H; SRR B M Co

EETRERELTFIFERSMOHR vf = Via/2, BETSAENTRERNESHIHE 1 NIRRT BIKMRB), G M T WERREXENH
BMBER:

Ir )
Gy = 27(; exp (Vaa/2 = V;)/Vr), (3)
1+ exp (Vaa/2Vr)

T; =T 5 . (4)

sk, I RETRMEEN EKV REBRSH. T RRASANYIZEE.

EEEE: RN MR A AR R R

(a) —MEEEA NEAT-RN: RISl BABEM CMOS kB,
(b) NEAT-RN 7£Ei (dc) TERMOANKEERT—MNEEUEERESINEENLE Y RC BERINKE.
(c) BikIEmM TIER NS EBE v, M vy BIBTEIFFIIRER,
HFEXHFREIFABESHERENARS:
o (d) 155 vy M vo DA EEPEAFIEEKTELL (Aspect ratio ).
o () ZIEFERNEMD KA (0)o
o LU (f) 13—1kEIF & EL (gyration coefficient) I (F243E¢E ¢t; = 200 ns),
(0) TMREMX () MEHEX () REHHRG,
(h) BN ILERTES v1 M v, BPRONMEESERG, BERTEH.

HEFREERT, BIEERRRE VY =137+ 1mV, V3 =142+ 1 mV, NMOS #itkeEE V! = V2 = 76 + 1 mV., PMOS MitkeEER
BV} +V2=200+1mV,

*%

IEX3F

[£#2] (Left Column)

...... #B Vr = kT /q. HAXHABE (¢ HBFERE). RIVEENBAFEARMZRERFEREFBE V. RRACREEN, RE4T
DARIRZ ZHILURER V) B RS o

XIIRIRIEERMZREA, NEAT-RNs REREHNAIHREY . SXRNENBSATLUEIREENF Via FIMRITHBERIRE, MEdE Vi '
SEMEBAL L, FTLBEREERNTFREFREERS. G M T;; ElEEEEREIHPERE (moderate inversion) REMMRE, —BFX
s, BTHSHE (2 NENIEEEERIGMANT . RERMFLTILEE (subthreshold) A7, MARRIRIITH T 1 G, MMArZz89ths
EREMEX p BERHITHRIZ,

NTEEZL EF AN p BEATTTIIMEA ATREME, FHAIERLHA TSMC FinFET [42-44] T2 HETE 1(a) FImMBEE, FHEAHE 2 G
HERSHEES L, BEMS, BT PMOS IBHIBESN, BRITEETEFREBE, HX PMOS ITHIBEEHTEME (sweep) LUHRE...... (BB

[£%] (Right Column)
...... BRV) + V2 =200=+1mV, EEMNTESANET BENNEFY, FRILEEH—MIAEER (ST RNAEATENR E Pl

A VBT IZIEMERTIE (spectrum) RERIEFTNENHSEEM, BEMS, BINTETHEE A\ AFEDE g, BE Xqr = Mge B o > Ao
M T BREHEMEREHEA, BITEXTHREEKEL o ERHIKMA 0.

a=14/X/M, 6 =arctan((q)1/(g0)2)- (5)
MEBRWREHHERGIEE 1(h) PRT (£ BEXTHE 1() M 1(9), MS5HEELEEE).

1(c) 1 1(d) LET o #1638 V! BOMMKIX RS 512 (2) WREME. XEERKRH, EIRTTERE an//pz B LARTSEtIERIES vy 0 vy
BURCE. IS, FATMREIETHIZ (2) NESREERRHHRMIEN T 2RI, RAlt, ~ENESRERENEE TN,



[£#2] (Left Column)

M. PFENEIHFRBEWIESIHF AR

AT B3I MIP EELEESSTON NEAT-RN MUEIHSHM (TARRINERAS), RITUET BERASH IR (circulation), F§E SERETNHIT
b, XMIRETLUBTRE L(0t) = (v x 6v) KB, Hehov = v(t + 6t) — v(t) RETE 6t WIS, (EIRERHET, ANE L E5X:

L(6t) = Xy5(6t) — X.1(6t), (6)

HA X 1(6t) = (vj(t)vr(t + 0t)) — (v;(¢)) (vi(t + 6t)) BIERAEX (delayed correlation) , AIAMBIEIFFIARIREY, ScAIRIATEHA B
HAXAIHYE, SOHERENFRERER (time-reversal symmetry breaking) FI—F#EIE [45-47], i, TEALE 1(g) F, BRI HBELFESTIE—
WEEERFEX xjk = Xjk/4/var(vj)var(ve)o MERFGEREXWHLERHIRN, XRABFIEFESEHE, HEREFEM (time-reversal
invariance) &7 #ifo

BE TSR NEAT-RN siFRBENHN 5T, LS HERAXHNETSENUTREARX SRR F):

_ 1 [
Xjk:—/ thjk(T)
s tr 0 y

1
=5

@(1—eﬁ“ﬂ)004] . (7)

ik
1(e) BRTFNBHEN ¢t = 200 ns BIEIII—1k FRAEE (RHR circulation, 74E gyration) | = (Xy2 — Xg1)/4/var(vi)var(ve), RS
RERENENEIL, SZai—H, XM—EMRBESHSAITE R LIS T EaEHFT.

s, XEELERREA, E 1(a) PREBERTUKEERER CMOS B3R 7HRAEIEE (Brownian gyrator) (—FEZARIFIMAWL [48]) HIBFFE
o SFeAIMEAEIESRNTI T BRI MAT SN ERRERLTIMRRE [49], XUERNNBFELNEEDRFS,

NEAT-RNs W fhfR: & 85N =B NEAT-RNs AFLLBRIE BRI VRAIEEEFENAHEEN. EXEFNERT, TLSTRON ITITR
(visible nodes) 1 F1im (latent nodes), fAfE, ARTRZENBXETUEISENSET ANHEMEEERRGE, XIRE BT KT aIRM
DHEHBEE.

N TR ER XIS R, RATMET —MERERE25H 3 BEE (3-DOF) NEAT-RN, LIEBEE 2”4 (2D) £, E 2(a)
Fimo ()

[£#] (Right Column)
EEIEE: RN AR,

o (2 BIEM— MM ERESRY RE 1(2) TR, GBTEIEETANEES,

« (b) TERHIZIERR (control space exploration) IHALE(T 8000 YOG, 7F [Sefe- K3tk TEEMEEINE, HRBEFRE V., ~ 5.5V
) Vdod ~ TVro

. (c) BIFAFE 1(a) FERBRHOMDILMILE R,

*k

IEXXEs
...... HMMEEE (DOF) NSTHRMELZIENME, MHAEX SIS EE R0,

BB RIS E R RIS T M, F50T NEAT-RNs WG, BT, t—AEENEREEE V> #4T, RiEBI—HSE
SHEABWRIHKRL (extreme aspect ratios) WEEBRIRFELIE, £ T MIRBE Vn"/p GEEFE [0,1.75 V] Zia) . £ERINE 2 Fik.

BT ELEE 2(b) F0 2(c), FATATLUAERIFAIN 3-DOF NEAT-RN BAELL 2-DOF hRAERARHREY. WTEMRLAERN 0 &, 3-DOF ERAIFE o 17
HITE—Lt 2-DOF BB ABSHERN, BX L, T 6 3%k 7/4 B8, 2-DOF HEEH o JLETLARIEH, M 3-DOF BERNERET SN EIHIZ
%



. BRSBREBRASERDH

AT EBREMEHENPTYSHAIGERE (entropy source) , BB E UM TR HRIKE, WTFAARARSDNBFRE, XEREREFR
LY.

[£#£] (Left Column)
...... FES Vr HYMBEKE, XMBEERBEMRE (interaction voltage scale) ER T ZM—LEYEMR, SIFHESEMBELERMN [50].
AT, BISRIIMVTCIREBE A ERERMEERKE, BEXRMGNARHAEN. BFms, £—% (1D) RC HBigHh:

RC
var(‘/;) = @’ (8)
% C

Heh Cr = ¢/ kT BRNFEBITE, EEETLN 6aF (1aF =101 %8, BASKHNSAEIEY WAXFRENIZE) fiEMmK, 2B
BHXEXRFZ, C 2 300 aF,

Etk, NEAT-RNs {2{EMIRERAMR, MFEEZERAATNLANEEZEXEE, WTFETEHTE (3) M (4) FE ST NEAT-RN 89 1D BR
ms, 5EFR RC BigiELL, BEKENAEZEGFRIRK:

_ 1 +exp(Vaa/2Vr)
o 2

AR FLFEEHBURT Vag, WTF Vag = 6Vr, BABEHELHN 10,

var(V) var(V)RC  (9)

HTFXMBAMEZERBEEEN, BRACAERNVIINER, AERUSRNAREIRN. BFEMS, HITSESTEIEAERENEEEXRN
E = Pr, Hf 7 BRHESHEXIIERE (correlation timescale) , il P RHRERBER [* AENERIFE P = VaaI*s EFHRL, 72!

C
T = a, (10)

Heh G BAEE 3) A B MEEMEEERZEWMAN:
VaaC?

de

Vaa

E= var(V) tanh (E) ., (11)

e var(V) 11757 (9) FiiFo

H12 (9) # (10) EEAT RIMNAFHN—MEASSANERNRIE: RITVBRR~ENEENRBEIREMNAZZMIAEEN, BIEENT Vig DEZHRN
MHRIZHIBE, AL 7 EEERARAERD (EEFRER). BT, AEREURTRIREE. KGR (11) B, HITTUEE, S8MEEHE
HEEBHTEURT 7, HFESHAENASEESLMLIXR (E Vaa > Vr BIRET).

[£#] (Right Column)

BRAMEHhRMHNSHREHIE (10) M (11) —REEA, FILURIL NEAT-RNs FIMEABRHTEREHNESMERR, 8a1E%H, B C ~ 1000 aF
» IV ~ 1nA, RS AV =55Vy, BITHERE E ~ 15 al. EE—HRT, YV, = 0 BOEEERI 7 MLFRS/IVE, 1A 7 ~ 1 ns.

7 RESENH

EMEZ, RMNEXKIHA, MATRERFENZILTZHATTN. A%EEEEEN p B, XETHENKZINTIURESMS HtEBRKR#HT
£, NMMERLHMNREETZRWEMEITEN., HNBEEXH [29] PR 7TXF 50, HEEERRNIXEPIRETHEFE,

5, BAIRER RS AT ERERBRIGTHHITERNNRE, X—EHREEMIZIT FIUIAED HARKH, HEEHE. SRS
BIRIMIRZE RIRM T — MBI L, XELMAUSEETXE 27 WHEMIEHNETELHE, NEERTRIERLEREN#H—FERT
Fo

it (ACKNOWLEDGMENTS)

TM. $FIRE S £ (Isaac Chuang) 3SR NFRFBEREMNETEN



HUETT A (DATA AVAILABILITY)
FREXRRERNEIER AFRIAH [51].

+. MWHATRIECTE
(—) MR A: BHFRIBIE. ITHIFNE (APPENDIX A)

ATERHTHERFIAT — N EI NI AREART O RANTEERBNNRNSE. HNNEHAEEAE [0,0.175 V] sh&SEEK 8 {il DAC
(BUERIRER) , AT RMEHRE. S ERPHBHES EERASHENSHNBRNBASE (XEBRABBER—RF (die) LZI) R#HTN
B, XTMHRAEAFREIMSSESHINETHRL, UEER 1-GHz mRSEHITIE,

(Z) MR B: BhIEERTY R EY #HkE (APPENDIX B)

FAVE B [27] PHRBOIELM B FRIRHENIEE, HPBBRPNE M SREBRIMLERIESE, BROCKSHEHETR BIERE.....) F
BB E AR AR,

[£#2] (Left Column)

...... SHERITOBR), B— 1 REn c NI A, Ehd SEETR0%E. RNEET I NBIHERSRS p > 0 HRNESRE (=
R, il BAED) BEE NE—MESHBESEREETAYE, BARKSFIMECZANARE. NTE 8 o, BN
ERESEH n — n+ A, SE—IBEEE (ransiton rate) A, ,(n), HARMAESEHE n — n+ A_, HE—PHTEE _,(n), Hh
A, = —A_,, EHAHRAREEN, TRE A, H5T HEFERMRRTTIRS n BE K.

HTAERS n, BEFTAOEEYTHEN v = ¢.C'n+v,, B C SEETEMESHEBAER, ¢ SEAEHNSEE, o, SIAT
SBEENESEEE, 18 P,(v) HIEEE t MEREBE v W, STENMR, P,(v) KERIE £75% (master equation):

0Py (v Z)\ (v—¢q.C~ A)Pt(v—qe Z)\ (v), (B1)

P

AT HEAE, BITERTIES, BEX N, (v) WATEE v R ZSRAIXKKIIEN ¥ BOEE (diffusive approximation) 7] L& 3
572 (B1) NFRHBET- B /REF (Kramers-Moyal expansion) BTZMERTRIRE, XM TFABERER ||C|| > Cr. EXMERT, HiE
(B1) b HiBe-EHA5E %2 (Fokker-Planck equation) , XEKE RAMENHE R AR U TN FREEFENH D 52 (SDE) Sk :

C-dv=pu(v)dt+ +/2K(v)-dW, (B2)

Hh W B 44053732 (Wiener processes) MIAIE, ZELRTENTHIN, BT FHIEANKE [52,53], BEABBRRTAEZERR P;(v)
By —FHHERN ZBHIE [54], SERSAEE (drift vector) p(v) FFERIERE (diffusion matrix) K (v) AIMMERTEIRE X, (v) 3RS, AR, S5ES8EMH
p BXRIFEMREEE A\, (v) BEBET RAOF—HUEXR [27] SHBKRRR (V) % [,(Av) XEKER:

Aip(v) = A, (v) = I,(Av,)/qe, (B3)

Atp(v) + A_p(v) = coth (Av,/2V7) I,(Av,)/ge.

[£#2] (Right Column)
FIBSTE (B3), TLURGEBME u(v) I BIEHE K (v) BN TRER:

v) = Z I,(Av,)A,,

K(v)

qe
5 ; I,(Av,) coth (Av,/2Vr) A, - AT, (B4)

Hr Av, B3 p BRE v THEER.



MFEEWEMLEE ARSI F v* BB, BIAE p(v*) = 0 MEBE, 512 (B2) REFENEIF AU &tk H:
C-dv=—-G-(v—v")dt+/2kGT -dW, (B5)

HAARNEXTERBSIENE G (TEN Gjr = —0,1;(v*) URABBEEE T = G 'K (v*)/kie EREHHZHIBEHRAERATIE
(1) # (2) 4.

®E, BITERIINF—4EH, H1E (B5) WL AFEEERUT BEEHEREE:
((St) ka (G/e) \Jtl (Bﬁ)

XSMATUT &% (Lorentzian) HATHEIEFE (PSD):

Hep Py = 4k, T /G, B8 fo = G/(27C).

(=) MR Cc: BEF EKV NR1ES31EE! (APPENDIX C)

EMMEZE— N EMHRAERE [0E 1(a) IR AEMNSAEN—X &EE]l. RIBEESRRGIAB 2K (DIBL) MY EKV {REET B (W03
[55] FiiR) , it NMOS RIEEMHERBEUT ARG :

I,=1IV log? (1 + e(Vyb*VtZ)/znne*Vsb/267ans/2) I log? (1 + e(VHrVJi)/%nerdb/Zef%Vds/Z) ., (C1)

HA If Vis ng My, BRESE, FEIEE Vy = Vi Vg =00 Vg = Vg, = v ILRERE Vr ARA#HITRT. HENFENBELHT
il PMOS &I ERER Ip; BORZBINEBE IT ‘/t]})z‘ np ARz Yps REE Ip — — L, #1178, HERBRE V;]b = (I/p Vdd)\ Vi =
0. Vap = Vas = —(v — Vaa)o

[£#] (Left Column)

NT R LS, RAETEMEARN, THE, RNEEHE <o 10/, < 1 QIRERS, 20 DIBLN (ERE v, —
o= 0o T4, B3% I, K1 I, SHLR AL TS F R ReaE v S0
L(v) = e~ 0o Va/m (1 _ gv-Va),
e S

Cp

I,(v) = Igev”/""(l —e”), (C2)

Cn

EARRITERET e Vo /Mo BABTRENEEK IV 25, BERRHEE o* BE L(v*) = L,(v'), ELRENT, IUSHEAR:

. Vaa 2
et =8 [(1 - c_") + \/(1 - c—”) +4c—”eVdd] - (03)
2 Cp Cp Cp

FEAZAR, HIEH BRES AUTAHAH:

G= VT_l\/(cp —¢p)? +4cpene V. (C4)

It5h, BRCRE BT ARS

*

ged
k =
T =56

[coth((Vaa — v*)/2) + coth(v*/2)], (C5)

HAI* = (¢p + ¢, — ViG) /2 RBESHER. ¢, = ¢, B, BTNAREXREENTERME, EXFHRARNTRILHESEENTRERE
(subthreshold slopes) 373 1 (BIMFRER1EEEE N,/ = 1)o



(M) Mz D: $MESHr (APPENDIX D)

3(a) BRTEARLERET, MESEFSISEHBERNES v WIHKIEEE (PSD), §1 PSD LANEEEART T BAUTEREME
TN AL
Py L
1T (F/fe " fa
L+ (f/fo)*  f
E—TMET RO, KL NS HEZEBCEL T, $MSIERIRENT S XS MM (pink noise), TiR/E—IN
EETEIRESIMNBIREIR (FIINHMALR) HXBTELESRER, (HEE)

P(f) +B. (D1)

[£#2] (Right Column)
PR -

IEXs
KIS RASESORIHERSERSRFRNFAT, WE 3(b) Fio

BE, HIGEE, TLUBISHK P F fo HEHERRES kT = CfoPyr/2, Hh C BFITIRARRMNSHL SRS B, HFENRE
%, BREEE C, ), MEBE C, 5, WHC = Cy +1/(1/Cy+1/Cp)le

*%

() MR E: ESWSEEPAS (APPENDIX E)
BRNEBIESIEICERHI TR 57 = ER:

1 BESTRRRESENEESH.
2,34 1/ f @R TENEE,
3. BT EIRMEXEHE 2 /B RIEMR,
[RYEE R FFIFN A T 289U AT LIFESCHR [51] FkEls

EE—ME, FFETREE, BNETHE (B4). (B5) M (CL) FEARHNETFHREEBE (v). X fi UREWEE k7T, EREETROANS
(BEZE 4) FET. ER (Panels) (a) M (b) 7R, BEFFH2 (C1) MIEEEBRIFHR RSN AY, MER ) W=E.....

[£#] (Left Column)
IREENE: --

123°6°2: 3

B 4() WEERRKRA, SH51E B4) B K (v) B BRIEAERIERIE (shot-noise modeling assumption) BERSRIFHISARFIRATERETH B
BHhHKE.

EEZHE, RINNETEHER EINIRE (pink-noise) H&E LR [WE 3(b)], ERESEAEPNE_KEM. MOS RAEHHEINR
BB HRERER RSP FERECE B RERH5 EEa BERE Vi, WRENHCE, XLEREHERSET —NEOTF 1/ f 8937 33-37]. EF7

2 (C1) MBI REBIER (do) REHIT IMESHN, IREHT —MEER Vi, RN EINERE A ENERAE. Aitt, BRINIAFEEZE
1835 gn/p = |OV" /BVtZ/ P|, EfERTHEMRLBEE o* ERTRESBES BRNERIMEEf. FREN—MENENEH, ATUREZMM
REGQTEHX LR [WE 5(a)). #E, MRENTTFSMNEETOMRERMETER, HEBE V;L/ PR RINER S,y BA...... (B
)

*k

[£5%] (Right Column)
HREEE: -

IEX3F

...... BE—RFEENE T S SHESTHCEN R U T Aath:



Sy = g2S, + gf,Sp + Sy, (E1)

He So it AT SMNMESTEASTR, BRISFTSRM=1EEFEERIL, B 5 R TN TERRBNVBRARESENEHE, URERSE (E1)
REMPEER, RI1EE, RERAETHER, EANRUBREASRIHNERE.

ERE—HE, HITEEREBIEXRHTGIE (2) RISHNMAERERE, STEFARILERTRENRREH S ZHEMAEHITLR, MR ditki88
RHNERANERR.

BARENT . BAVEREE—MERGHERSY, HTESIIERTIRETRESENES G NERERE T, ARG, HE—KHEINHN
Civ Co M O, EWENERER C, RITRESTE (2) B FHRERXSE, LERGTENH S EER 3o 2075 EEMER S MR EEGITH
B EFEFER TR, SRIETHIN S EEMNATRAS ENRCELDE, MEIBMERME X, (5t =0) MA......

Kk

[£#2] (Left Column)
RE/EE: -

IEXE
...... (SRB AT ZIEREROHET BT RNR) MEREIIRYE X1 (5t = 0)0 POTRAVERIE 6 e
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We present the design for a thermodynamic computer that can perform
arbitrary nonlinear calculations in or out of equilibrium. Simple thermo-
dynamic circuits, fluctuating degrees of freedom in contact with a thermal
bath and confined by a quartic potential, display an activity that is a nonlinear
function of their input. Such circuits can therefore be regarded as thermo-
dynamic neurons, and can serve as the building blocks of networked struc-
tures that act as thermodynamic neural networks, universal function
approximators whose operation is powered by thermal fluctuations. We
simulate a digital model of a thermodynamic neural network, and show that its
parameters can be adjusted by genetic algorithm to perform nonlinear cal-
culations at specified observation times, regardless of whether the system has
attained thermal equilibrium. This work expands the field of thermodynamic
computing beyond the regime of thermal equilibrium, enabling fully nonlinear
computations, analogous to those performed by classical neural networks, at
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specified observation times.

In classical forms of computing, thermal fluctuations are an obstacle to
computation'>; for thermodynamic computing, thermal fluctuations
are the means of doing computation*™. Fluctuations can drive state
changes in devices, and can be used to encode information. For
instance, consider a thermodynamic computer comprising scalar
degrees of freedom x; that interact via the bilinear couplings Jyxx;. If
this computer is placed in contact with a thermal bath at temperature
T, then its equilibrium two-point correlations () o =kg T(]’l)ij
encode the elements of the matrix inverse of J. Thus measuring such
correlations in equilibrium can be used to do matrix inversion''%,
The current focus of thermodynamic computing is to arrange for
the equilibrium properties of a thermodynamic computer, described
by the Boltzmann distribution, to correspond to the output of a spe-
cified computation. This approach is powerful because the potential
energy of a thermodynamic computer specifies the Boltzmann dis-
tribution, and so by designing the potential we can design the com-
puter’s equilibrium properties'. However, this approach comes with
two challenges. One is that we need the computer to attain thermal
equilibrium. In general, physical systems equilibrate on a broad range
of timescales™™, and the equilibration times for even a simple ther-
modynamic computer can vary by orders of magnitude as its program

is altered”. A second challenge is that not every calculation can be
represented by the Boltzmann distribution in an obvious way. For
example, the matrix inversion described above can only be done if the
matrix /i is positive definite; if not, the system does not possess a well-
defined equilibrium distribution.

We can sidestep these challenges by arranging for a thermo-
dynamic computer to perform calculations out of equilibrium. Out of
equilibrium we lose contact with the theoretical foundation provided
by the Boltzmann distribution, and so we must find other ways of
programming a thermodynamic computer in order to do specified
calculations. Some exceptions to the equilibrium paradigm already
exist. For instance, the matrix exponential e’ can be calculated at
observation time %, and nonequilibrium work measurements can be
used to calculate the determinant of a matrix". However, no design
exists for a thermodynamic computer that operates at specified
observation times and is programmable in a general sense, meaning
that it is capable of approximating arbitrary continuous functions.
Here, we provide such a design by introducing a thermodynamic
computer that is analogous to a neural network. A thermodynamic
computer of this nature is a nonlinear model that can serve as a uni-
versal function approximator, and can be programmed to perform
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arbitrary nonlinear computations at specified observation times. This
is true whether or not the computer has attained thermodynamic
equilibrium at those observation times.

The equilibrium thermodynamic computers of refs. 11,12, which
motivate this work, can be viewed as continuous-spin analogs of
Hopfield networks' or Boltzmann machines?®?, statistical mechanical
models that represent probability distributions over binary variables.
Since a Boltzmann machine encodes information in its equilibrium or
Boltzmann distribution, one could refer to the models of refs. 11,12 as
Boltzmann computers: they are designed to sample from the Boltz-
mann equilibrium corresponding to the system’s potential energy
function. In such models, the specific form of the dynamics, whether
overdamped or underdamped, is less important than the fact that it is
microscopically reversible and converges to the desired equilibrium.

Our contribution is to explore the computational capabilities of
such systems when extended to include nonlinear neuron potentials
and operated out of equilibrium. Specifically, we encode the outcome
of a computation in the dynamical trajectories of the system, without
appealing to the Boltzmann distribution. A computer operating in this
mode, using Langevin trajectories to perform a computation, could be
termed a Langevin computer.

The theoretical framework describing thermodynamic computing
includes nonequilibrium statistical mechanics, stochastic thermo-
dynamics, and information theory. These fields offer a set of tools for
analyzing small, fluctuating systems, such as fluctuation theorems,
thermodynamic speed limits, and uncertainty relations***. For
example, the Jarzynski equality, combined with nonequilibrium work
measurements, can be used to compute the determinant of a matrix".
Thermodynamic computers often use added noise to accelerate
computation, and the energetic cost of this addition can be quantified
within stochastic thermodynamics”. Learning rules can be linked to
thermodynamic quantities: for instance, a generative thermodynamic
computer trained by gradient descent minimizes heat dissipation
during training®.

Results

Thermodynamic neurons

In more detail, we introduce the thermodynamic circuit shown in
Fig. 1a, a fluctuating classical degree of freedom placed in contact with
a heat bath and confined by a quartic potential. This circuit represents
a scalar degree of freedom x that experiences the potential energy

The parameters J = (/,, /5, J4) are the intrinsic couplings of the circuit,
and / is an input signal. We can consider the circuit to represent a
thermodynamic neuron, whose activation function is the relation
between the output x and the input /. The output must be a nonlinear
function of the input in order for a network built from such neurons to
be a universal approximator. In general, the confining potential need
not be exactly quartic, but it must be higher-order than quadratic and
thermodynamically stable (i.e., bounded from below). We can consider
Eq. (1) to represent a Maclaurin expansion, in powers of x, of an
arbitrary nonlinear thermodynamic circuit.

Let the neuron be put in contact with a thermal bath at tem-
perature T. In thermal equilibrium, the output of the neuron has the
mean value

[ dxx e PUxD

[dxePteh @

(X)o =

When the neuron potential is purely quadratic, i.e., J = ()5, 0, 0), the in-

tegrals in (2) can be solved analytically, giving the linear form (x), = I/
(2/,). This form is plotted, for /, = 1, as a gray line in Fig. 1(b); the hor-
izontal dotted black line denotes the value zero. In this case the equili-
brium activation function of the neuron is linear, meaning that networks
of such neurons in equilibrium cannot serve as universal function
approximators®?. The simplest case that is thermodynamically stable
(i.e., the potential is bounded from below) and admits a nonlinear
equilibrium activation function is the purely quartic case, J = (0, 0, J4),
with J, > 0. This case is shown as a blue line in Fig. 1b, with J, =1 (in the
purely quartic case, the equilibrium activation function can be expressed
analytically, in terms of the hypergeometric function). The equilibrium
activation function is nonlinear: its gradient (shown inset) is largest near
the origin, and decreases as |/| becomes large.

An additional design consideration is the variance 62 = (x2), —
(x)3 of the neuron’s equilibrium fluctuations. We show in the Supple-
mentary Material that adding a quadratic term to the quartic term
suppresses the neuron’s fluctuations in equilibrium. The larger the
fluctuations of a thermodynamic neuron’s output, the more samples
will be required to compute a meaningful signal when observing a
computer built from such neurons. For these reasons, we choose our
default neuron parameters to be J = (1, O, 1): the quartic coupling
induces nonlinearity, while the quadratic coupling serves to suppress
fluctuations near / = 0.

The nonequilibrium response of the quartic-potential thermo-

Uy, =32 +)50¢ +],x* = Ix. (@ dynamic neuron is also, in general, nonlinear with input.
(a) (b) 5 (c) ; (1,0,0) (d) ; (0,0,1)
—(1,0,0) ' N '
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Fig. 1| Thermodynamic neurons. a A thermodynamic circuit whose interaction
energy is given by Eq. (1) can function as a thermodynamic neuron. The circle
represents a scalar degree of freedom x. The curved line represents its intrinsic
energy, the terms inJ = ()5, /5,/4) in Eq. (1). The straight line represent an input signal
or bias, the termin/in Eq. (1). b Equilibrium activation function (x)o of the neuron,
Eq. (2), as a function of the neuron input /, for the case 8 =1. The vectorJ = (/5, /3, /1)

sets the values of the intrinsic couplings of the neuron. The quadratic-potential
activation function is linear, while the quartic-potential activation function is
nonlinear. ¢ Dynamical evolution (3) of the quadratic-potential neuron, for =100,
for 11 evenly-spaced values of /. d The same for the quartic-potential neuron. For
times longer than some short threshold, the finite-time response is a nonlinear
function of /.
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Fig. 2 | Elements of a thermodynamic computer analogous to a neural network.
a The thermodynamic neurons described in Fig. 1 are connected by bilinear cou-
plings. Top: a single circle implies a neuron x; of the type described in Fig. 1, with an
input (bias) / = b; and a nonlinear potential parameterized by J = (J;, /», /3). Bottom:
lines between circles imply a bilinear coupling J;xx;. b With the visual shorthand
described in panel (a), we consider layered networks of such neurons, with adjacent
layers coupled all-to-all, having total potential energy (4). ¢ Training a simulation
model of a thermodynamic computer to express a nonlinear function at a specified
observation time. We show loss (8) as a function of evolutionary time n for a layered
thermodynamic computer built from quadratic neurons (gray) or quadratic-quartic
neurons (green). d Output (9) at observation time ¢ = 1 of the linear computer

(gray) and the nonlinear computer (green), as a function of the input z, averaged
over M = 10 samples. The target function is shown as a black line. e Mean neuron
activations measured at observation time t;as a function of the neuron inputs at the
same time, for the nonlinear model. The color band denotes + one standard
deviation. f Output (9) at time ¢ = 1 of the trained nonlinear thermodynamic
computer as a function of input z, computed using M samples. The target function
is shown as a black line (training was done using M = 10 samples). g Output (9) at
various observation times ¢ of the trained nonlinear thermodynamic computer, as
a function of input z, computed using M =10° samples. The target function is shown
as a black line. The computer is trained so that it reproduces the target function
when observed at time ;= 1.

Thermodynamic computers operate under Langevin dynamics''?, and
here we consider the overdamped dynamics
) ovx,I
X;= —pT+\/2ﬂkBTI],-(t), 3)

i

where i labels the neuron; W(x, I) is the computer’s potential given
input I, and the Gaussian white noise terms satisfy (r;(t)) = 0 and
(ni(O)n;(t)) =6;6(t — t'). The mobility parameter u sets the basic time
constant of the computer. For the thermodynamic computers of
refs. 11,12, p - 1 microsecond. For damped oscillators made from
mechanical elements® or Josephson junctions®, i is of order a mil-
lisecond or a nanosecond, respectively.

In Fig. 1c, d, we show the dynamical evolution of a single neuron x
in the potential V(x, I) = Uf(x, /), under the dynamics (3), starting from
x = 0. Panel (c) shows the case of the quadratic potential J= (1, 0, 0), for
various fixed values of the input /. The neuron is initially out of equi-
librium, converging to equilibrium in about 2 time units (time is
expressed in units of ™). As described by Fig. 1b, the mean value of x in
equilibrium is a linear function of /.

Panel (d) shows the case of a quartic potential J = (0O, O, 1). For
observation times larger than some threshold, the neuron’s output is a
nonlinear function x(/), and eventually converges to the equilibrium
activation function (x(/))o, which we have designed to be nonlinear. A
network of such neurons, observed on similar timescales, can there-
fore function as a universal approximator. (In a related vein, nonlinear
physical neural networks that operate on the energy scales of classical
computing have recently been trained to do nonlinear
computations®.)

Thermodynamic neural network
To illustrate this statement, consider a thermodynamic computer
consisting of a network of N thermodynamic neurons x;, with potential

energy function

VX, D)= Vi (X) + Ve (X, D). “)

Here

> Jixix; S)

N
V@)= > Uy(x;, b)) +
i=1 @)

is the internal potential of the computer, accounting for neuron self-
interactions and connections between neurons. The first sum in (5)
runs over N single-neuron energy terms (1), while the second sum runs
over all distinct pairs of connected neurons. We use the bilinear
interaction of refs. 11,12. The computers described in those papers use
an all-to-all coupling; here, to make contact with existing neural-
network designs, we consider the layered structure shown in Fig. 2,
with all-to-all connections between layers. This design mimics that of a
conventional deep fully-connected neural network. However, unlike in
a conventional deep neural network, in which information flows from
the input layer to the output layer, the bilinear interaction /zxx; ensures
that neuron i communicates with neuron j, and vice versa, and so
information flows forward and backward between the layers of the
thermodynamic computer.

To provide input to the thermodynamic computer, we introduce
the external coupling

Ve, D= > Wylix;, (6)
inputs(ij)
where the sum runs over all connections between the external inputs /;
and the input neurons x; (here the top-layer neurons), mediated by the
parameters W
The computer evolves according to the Langevin dynamics (3).
Because the computer is noisy, we wish to take M samples of its output
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Fig. 3 | Machine learning with a simulated thermodynamic computer. The
computer, which consists of a 3-layer network of quadratic-quartic (1, 0, 1) neurons,
is trained to classify MNIST in reset-sampling mode, using M = 10° samples taken at
observation time ¢ = 1. a Loss (cross-entropy) and training-set classification accu-
racy as a function of evolutionary time n. b For a single digit, an 8, we show the
probability distribution, taken over 10° samples, of the computer’s per-sample class
score. The mean value of each distribution, which is the value used for classifica-
tion, is indicated at the top of the panel. The correct distribution is shown in green,
the others in shades of blue. ¢ The class probabilities of the computer, upon being
shown the indicated digit, for various observation time ¢ The computer is trained
to classify the digit at an observation time ¢ = 1 (vertical dotted line). d Test-set
classification accuracy of the trained computer, as a function of the number of
samples M generated by the computer (each taken at observation time ¢;=1). e Test-
set accuracy of the trained computer at a range of energy scales. The computer is
trained at the energy scale / = 10kgT.

and average over these samples. In the main text, we do this by reset-
sampling: starting from zero neuron activation x = 0, we run the
computer for time ¢; observe the outcome, reset the neuron activa-
tions to zero, and repeat the procedure, gathering M samples in total
(in the Supplementary Material we also consider the case of serial
sampling). Reset sampling naturally lends itself to parallelization: the
M samples can be computed independently, on distinct copies of the
thermodynamic computer if such copies are available. Reset sampling
can also be done using a single computer whose neurons are reset
periodically.

We designate the final-layer neurons of the computer as its out-
puts, and calculate the reset-sampling averages

M
M), =M1 "X, tp), @)
a=1

where the subscript “r” indicates “reset-sampling”, and the sum runs
over M independent trajectories a of the dynamics (3). The only
requirement on ¢ is that it is long enough that the effective activation
function of the neuron is nonlinear. We set ¢ = 1, in units of g,

Programming a thermodynamic computer

A nonlinear thermodynamic computer can be programmed to per-
form arbitrary nonlinear computations at specified times. We first
consider the task of expressing a nonlinear function of a single vari-
able. In this case, the computer has one input, /= z. We define the target

function y,(z) = cos(2mz), and the loss function

K 2
P=K">" (3oz)-¥z)) ", ®
J=1
where the sum runs over K = 250 evenly-spaced points z;=/(K - 1) on
the interval z € [0, 1]. The quantity

Yo = > filx@), 9)

ieoutputs

is the output of the thermodynamic computer, given the input z,
averaged over M = 10° samples. The subscript “r,s” indicates that
averages are taken either in reset-sampling or in serial-sampling mode.
If the former, each of the M samples is obtained from an independent
trajectory. If the latter, all M samples are obtained from a single
trajectory.

The adjustable parameters of the computer are
0={W;} U b} i} U {f}. Here {W;} is the set of input weights specified
by Eq. (6); {b} is the set of biases specified by Eq. (5); {/;} is the set of
connections specified by the same equation; and {f} is a set of weights
that couple to the output neurons. To program the computer we
adjust the parameters 6 using a genetic algorithm instructed to mini-
mize a loss function ¢, using an efficient GPU implementation
(see Supplementary Material).

Following training, the identity of the computer’s parameters is
fixed, and the computer can be run for any chosen input. The para-
meters of the digital model of the thermodynamic computer could, in
principle, be implemented in hardware, resulting in a device designed
to output a specified computation at a specified time, powered by
thermal fluctuations. We note that if the hardware implementation is
not an exact copy of the digital model, the genetic-algorithm training
could be continued directly in hardware: the training procedure can be
applied to an experimental system exactly as it is applied to a simu-
lation model*.

We choose a layered computer design of width 8 and depth 4. We
consider two types of thermodynamic neuron: a quadratic-quartic
thermodynamic neuron, J = (1, O, 1), which gives rise to a nonlinear
computer, and a quadratic thermodynamic neuron, J = (1, 0, 0), which
gives rise to a linear computer. We take 8 = 10, so that the neuron
energy scale is 10 times that of the thermal energy.

In Fig. 2¢, we show the loss as a function of evolutionary time for
the two models. The linear model fails to train—it cannot express a
nonlinear function of the input variable—while the nonlinear model
learns steadily, reaching a small value of the loss. Panel (d) shows the
output functions learned by the two models: the nonlinear model has
learned a good approximation of the target cosine function. The
intrinsic noise of the computer is visible in the output, but for M = 10
samples, for each value of z, the mean output signal of the computer
exceeds the scale of the noise by a considerable margin.

Panel (e) of Fig. 2 shows the sampled neuron outputs as a function
of the neuron inputs (the inputs being all signals into the neuron,
excepting the thermal noise) at the designated observation time. The
nonlinear model possesses a nonlinear finite-time activation function,
explaining the computer’s ability to learn an arbitrary nonlinear func-
tion. By contrast, the quadratic-neuron computer is at all times a linear
model and is unable to express a nonlinear function.

Training is done using M = 10° samples for each value of the input
z, but the trained computer can be used with fewer samples if desired.
In Fig. 2f, we show the output of the trained thermodynamic computer,
as a function of the input z, for a range of values of M.

Training in reset-sampling mode results in a thermodynamic
computer programmed to express the target function at a prescribed
observation time ¢ = 1. In Fig. 2g, we show the output of the computer
at a range of observation times. The output of the computer varies as a
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function of time and is equal to the target function only at the pre-
scribed observation time. The output of the computer in equilibrium
(corresponding to the long-time limit) is considerably different to the
target function. In this example, therefore, the programmed thermo-
dynamic computer operates far from equilibrium.

Machine learning with a thermodynamic computer

Having confirmed the ability of a network of nonlinear thermodynamic
neurons to express an arbitrary nonlinear function, we now consider a
standard benchmark in machine learning, classifying the MNIST data
set®”. MNIST consists of greyscale images of 70,000 handwritten digits
on a grid of 28 x 28 pixels, each digit belonging to one of ten clas-
ses C € [0, 9].

We simulate a 3-layer thermodynamic computer with quadratic-
quartic (1, 0, 1) neurons. Each layer has 32 neurons. Each neuron in the
input layer couples to all the pixels /; of an MNIST digit via Eq. (6). The
output layer of 32 neurons is used to construct the computer’s pre-
diction for the class of MNIST digit J;, and we train the computer by
genetic algorithm, instructing it to minimize the cross-entropy
between the class probabilities predicted by the thermodynamic
computer and the ground-truth labels (see Supplementary Material).

In Fig. 3a we show the loss as a function of evolutionary time n as
the computer is trained to classify MNIST. The computer learns stea-
dily under the action of the genetic algorithm. Panel (b) shows the
corresponding training-set classification accuracy (which can be
observed but is not used during training). The corresponding test-set
accuracy after training is about 93%, which is not state-of-the-art—
many other methods classify MNIST with greater accuracy®—but it is
more accurate than a linear classifier, and confirms the ability of a
thermodynamic computer to address standard machine-learning
problems. As with conventional neural networks, better accuracy will
be achieved using different computer designs and methods of training.
Here, our aim is to show proof of principle: if implemented in hard-
ware, this thermodynamic computer would be able, powered only by
thermal fluctuations, to classify MNIST digits.

In Fig. 3b, we show the output of the trained computer when
presented with a single digit, an 8, which it correctly classifies. We
distinguish between the class score Y©, the raw output of the ther-
modynamic computer prior to normalization, and the class probability
p©, which results from applying a softmax transformation to averaged
score. We use the term class prediction to refer to the class with the
highest score, i.e., the computer’s predicted label for the digit. We plot
the probability distribution, taken over 10° samples, of the computer’s
class score Y for the digit. The mean value of each distribution (the
value used for classification) is indicated at the top of the panel. The
correct distribution is shown in green, with the others in shades of
blue. In panel (c), we plot the value of the trained computer’s 10 class
probabilities upon being shown the indicated digit. The computer is
trained to classify the digit at an observation time ¢;=1. In this case, the
computer has attained a steady-state dynamics at the specified
observation time, but this is not a general phenomenon: when pre-
sented with other digits, the computer’s neurons are still evolving at
tr = 1, and so in general the computer operates out of equilibrium.
Fig. 3d shows the test-set accuracy of the computer upon collecting M
samples. Training was done with M = 10° samples, but similar accuracy
can be obtained using only about 20 samples. Thus, if implemented in
hardware, the thermodynamic computer could perform classification
relatively efficiently.

The ability of a trained computer to operate at different noise
scales depends on the nature of the problem it is trained for and its
architecture. In Fig. 3e, we show the test-set accuracy of the trained
thermodynamic computer at a range of energy scales, calculated by
holding fixed the parameters of the thermodynamic computer and
varying the noise strength (see Supplementary Material). The com-
puter, trained at the energy scale /= 10kgT, performs essentially as well

when subjected to noise comparable to its own energy scale (/ = kgT).
This result shows the ability of the computer to operate reliably
throughout the regime characteristic of thermodynamic computing
(kgT <J < 10%kgT), and shows its output to be robust to small changes
in noise level (which might occur if a device becomes hot during
computation). For sufficiently large noise levels, the computer’s per-
formance begins to decline.

Discussion

Classical computing aims to suppress thermal fluctuations, while
thermodynamic computing uses them. Most existing thermodynamic
computers focus on doing linear algebra in equilibrium, using the
Boltzmann distribution to encode computations™*. A thermodynamic
computer used in this way could be described as a Boltzmann com-
puter. However, equilibration can be slow, and not all problems can be
encoded as a Boltzmann distribution. This paper presents an alter-
native approach, in which a nonlinear thermodynamic computer is
trained to perform nonlinear calculations at specified times. A ther-
modynamic computer trained to perform computations using Lange-
vin trajectories could be called a Langevin computer.

The core component of the design, a thermodynamic neuron, is a
fluctuating degree of freedom confined by a non-quadratic potential,
allowing networks of such neurons to act as universal approximators. A
recent paper’* presented the design for a thermodynamic neuron
realized by qubits coupled to multiple thermal baths. The design
presented here is based on a fully classical model of a nonlinear ther-
modynamic neuron, and requires only a single thermal bath. Our
proposed design, sketched in Fig. 2, could be implemented using
existing hardware elements: the neurons could be realized by RLC?
circuits with nonlinear components, or by superconducting circuits
with Josephson junctions®. A thermodynamic computer of this nature
could be programmed to perform arbitrary nonlinear computations at
specified times, powered by thermal fluctuations.

Methods

We simulated the overdamped Langevin equations described in the
text using the Euler-Maruyama scheme with fixed step At = 10 (times
are reported in units of y™). For reset sampling, computer outputs are
read at a fixed observation time ¢ = ¢; and averaged over M samples;
serial sampling uses M samples, each spaced by ¢, within a single
trajectory.

Our GPU workflow evaluates thousands of thermodynamic com-
puter trajectories in parallel. For each input (or minibatch of inputs),
kernels integrate all population members of the genetic algorithm and
all M replicas concurrently.

Data availability

Data can be generated using the Jupyter Notebook tutorial at ref. 35.
The specific data displayed in the figures is available from the authors
upon reasonable request.

Code availability
Reference * contains a Jupyter Notebook tutorial on training the
thermodynamic computers used in this paper.
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BAFREEERTAEERN, SRERIREThHZE [26], &if, BHIEEEEEESIET
S/RAIRBKERITAZE (MIPs) RIS AR M B2 RIAE K EHE 2 RIABEMLE [27], REBILFEERR
HIBENEh I F 0] LA AR TN, @i, WEREMBSHS TRE.. 1 TEEE, #TF
)

DI E (Footnotes):

o *BXEE{EE . nfreitas@extropic.ai

o T XEEERNAIIEREIIZE

o I BXRIEE: trevor@extropic.ai

REEYVEFRENIREZER 4.0 EFFFAIFREN. WAREMBE—T 2 ZLTR
R EERFT A X ERRE. T35 A DOl NER,

[£#=] (Left Column)
s, N REESMBEESHER, MiEAILEERRRIERE 28],

=. NEAT-RN BHEREHS5ESHETS

ASGEIL IR, FRTRESRAETUNESRN p B, BARMsS, BIINTBHE

E7—EXALUBE B EREN. MZLEEHDHPHITRENBR, XLEBERLINTE

Z\BHEZEIEHMEXMNEEN, HEEA—MERANEE (primitive) , BERT LRI

ER p BEE, el LMENTEERBERPRITIFESRFREN—I72 (HPRAERKRNEER

BREENIE p tb8F [11)D . FNNIERFIE p BRI, KIMETENET T B,

BNELEXEYHNERENAE T — M7 8RR (diffusionlike models) BIHBEZR T
BARFHIZITH [29].

https://gemini.google.com/share/84af57cf4075 2/20
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BR T AN TEESIRITE A EmE I, BRI [27] PR MIP 1RE, Bk
R 7 HNEEEE LT EERAEFERIEE (shot noise) HVIEfE, BARTR
LR R RAREKFERIIEAER T [26,30,31], {BEARBERPHRESYIEMENITIE
MARAR, BEEEHMFENAN 32, HIMNIE@EIKEHE, Mt T —NEE
BieANTSERAEMBZEIRE, FSZRE 0] UTERR TIESSE PR E A,

X HIFRIRE G IEMN ARSI RE, FVEERR EFE. oliEREREN
% (NEAT-RNs)., EITEE NE NEAT-RNs, Hi#RE (ENHEZFFRERMN) WS
BEEGIRNERSEBESFETHRE. ARG, BTSRRI [27] F89 MIP {EER LUE
HFINIT—ME 2R 2D NEAT-RN BT ABIRIMELE R, B3R, FITERE, @d5|
AN SHEEFRANEYNEHE, FJLIEEIEE NEAT-RNs BIaIEREE. &5, HI1EITHE
NEAT-RNs RUIRZFFNEERL, HIEEAE( TR UNIMABMFITERAN—ZBoIREFAIFMY

ok,
BEo

NEAT-RNs HZ M EHEMITMRIZEHIN CMOS RIESAR, HPBEBEREE T A FRIESS
I, X—XPREEMIEETFN B 1(a) Fim. FXHEMSEi S RENERRET
EBETES v = (vi, ) RIS (RFEEIFRFINRE, E5H B 1(c), XEES
HIAREBD TEA]HEMEEREMER. () SBEfMETRREREEFREXNRKE,; UKk
(i) ST RAEEFBESHRPEINK R, BAF DM EEEMYIEFEAR, ENER
a..... (FGt)

[5%] (Right Column)

...... SRR SIFEHTIR [26,27], FIUEBRIAEEMEERESHEH, XL ERERR
BRI FEFFEYER [33-37], FXLERBHIIES — M eEBE S MRS RRFITIRE R EHTT
Xftbo A, TEFETRERNAER, FHVUGIHEBREI FRkE BfETiER £, RAHRk
FEEOESMUN, EENENKMNRERLTEMETER, eflmZmT 2ESHhEN

£970% (BIKIRE D)o

E— 1 ITIE=MhE& ML ZfS, NEAT-RNs TEEFERTFT—1EEEER RC M4 [38-40],
HpS M BENERESTERCEES T LERITH (20 B 1(b)l. HEXEEMHEE,
KFARE— HERESEELHE P (v), ZPHTEHEBRRTE, MEBEAEMKLKBES
R EEHIN, AT, MREXERERRE, RFAKAE— EEEHRESH, ZOHHEAE
IURTFAEMBEMES, BEBIXMAR, ATLUETRMEBE V], Vni/p RIZFFIRE D
[Z 0 B 1(f) 1 1(9)]o

BAME, ¥3HE [27] B9 MIP FER S E{ESRAER Enz-Krummenacher-Vittoz (EKV)
1R [41] #845E, AILURIL NEAT-RN WRESHKCEEIMEMEET (Gaussian) 5376

https://gemini.google.com/share/84af57cf4075 3/20
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1 *\T v—1 *
P(v) < eXp(—i(v—v X (v—-v')). (1

i, v BERPEMNTEMNEERE, v 28 EENER (do) BE, X E2Es
A ERE. X H FREIEXSTE (Lyapunov equation) HIAFLEH:

GXC + C3G = 2k,G"*TGY, (2)

Hrh G B58 1 REZKENERX MBS EIERE, T SERCEENTAER, m
C SEBRNZRFERENS, T M G BiERETERUE B BEERINERIBERE H;
20M=RE B # Co

EEMRERELTFERSMIRRE v,* = Va2, BENSEENTRERNRSHISE
1 BRET (BHKMR B), G T NEFRAEXEMAEMHA

1P :
Gii = 2V—° exp ((Vaa’2 - V)IVr), (3)
T

1+ Vaa/2V-
T, =T eXP(2dc1 ) @

L&k, I) RENRAEN EKY BRERSH. T RRANYIEZEE,
HREIEE: RN BYATTON B AT BRI R,

o (a) —MESAY NEAT-RN: P PMRILFER]. EEMEH CMOS kiHzES.

e (b) NEAT-RN £E/ (dc) T{ERMhERKEERNTF— M NEEAREERESNEEN
M4 RC BERNKE,

e (c) FIkIETHITIERAMENEE vi # vy BIBHEIFEFIIRER,

o WFIEXFIREIREBERERENAER:

o (d)E5 v M v, BIth A EFERERMHEEKSRLL (Aspect ratio a) o

o (e)ZIEFEMERDFA (0),

o LUKz () \3—1kIElFE &% (gyration coefficient) I (FR43B¢(8] t; = 200 ns) o
(9) WRBEMEX () MEMEX (B) RKEHRG,

(h) RN IERTES vi M vo NROMEEFZETRA, BRI EH,

https://gemini.google.com/share/84af57cf4075 4/20



2026/3/22 18:45 Gemini - direct access to Google Al
EFREERT, BRIMEEEREE VL =137+1mV, Vi =142+ 1mV, NMOS i
REBE V! = V2 =76+ 1 mV., PMOS HIRSBEHE V' + V.2 =200+ 1 mV,

*%

IEX s

[£#] (Left Column)

...... HE Vr = kT/q. WHEXBREE (q. WEBFEM). HIDEFFRFEIRMZE
EXFHRITHIRE Vo ZRAERERN, RAXNAFTURNESHLUER V) WERXE
tHo

XL PRIE A2 #ZRAE, NEAT-RNs EERENAEHEENY: SZRHNERBESIoILUET
ENZARIF Vaa BIMMRIEHIBBERIGE, MEER Vi RSB L, ATLIRERE
B FERIMEREERS. G; M T; SeEXENBEESIPERE (moderate
inversion) %8RS, —BIEXZ=, ATFESAHRE 2) HERIEERERRIEMEAN T -
HNESRMOTIHE (subthreshold) RE, MBETIERIRIIES T M G, MMBI ZHIH
FEHEST p BEHITRIZ.

AT ELR ERIIEIN p BEAITUNMMN IR, FIVERTHB TSMC
FinFET [42-44) TZ#IS T El 1(a) FiRVEBE, HiEHEE 2) MEEERESBEST L.
BEME, BT PMOS iITHIBELSN, HINEETFRBERE, HX PMOS 1= BE#HT
i (sweep) LUHKRE...... (ZEG1)

[£%] (Right Column)

...... BE VL + V2 =200+ 1 mV, EENTEAMNET BERRIEFS, FHELEE
H— MR (AR ASESENR E i),

BATETIZEERE (spectrum) RRIEFTNEN IS EMEME. BEAMS, HNTETR
EE A FMSFEEE q, WE 2qk = Ak B Ao 2 A0 M Z BEENFEREH A, K
MEX THHEKSEL o MEMDTFEA 0!

o =+/Ao/A1 , 0 =arctan((qo)1/(qo)2)- (5)

MBFNRED B ROEE 1h) PRR CF: BEXSRIZ 1() #1(9), M5#ELES
Ao

Bl 1(c) 7 1(d) AR T o 71 6 3¢ V) MIBUKIMX RS2 (2) OB ENE. XLEERE
B, BIRBTIERE V, * FIUPTSEMISHIES vi 7 vy 009KE. teoh, RMZREIR

https://gemini.google.com/share/84af57cf4075 5/20
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F A2 (2) NERERER VIR SIEN F B, AL, ~ENESEETENtHER
FMEY

[£#=] (Left Column)

7, PENEI N FIRBGIESHRARK

7T HIL MIP RBIBEALTIUN NEAT-RN FUSH O E4E (MAXERESHD ), BiTN=
T BBEKRZESH X (circulation), HREESIERMFUNHITI L, XFIRRAT OB R 3L
L(6t) = v x §v) KE1k, He v = v(t + 6t) — v(t) BrTE 5t RAIFE, ERESERME
T, I L EEA:

L(6t) = X12(61) — Xp,1(6t), (6)

Hep X k(61) = (v (O)vi(t + 8)) — (v ()N vk(t + 6t)) BIERMEX (delayed
correlation) , ATLAMBYEIEFIHIREN. STRINFARART A BMEXANIFY, SiERE
JIFRIEREER (time-reversal symmetry breaking) B9—#iE [45-47], HIE0, EALNE
1(g) 1, BRTHELIESTIT—LEIERIEX xjx = Xji/+/var(vj)var(vi) o WEEE
JEIRMEX LA, XRPBEFIEFEESZHE, FHERERLEZM (time-reversal

invariance) &2 7T K,

BT riER NEAT-RN B FRIBENN D 7512, AILAES HIEEAEX AR (B FIERI L
TREXN BRMRF):

_ 1 b
Xj,k = —f thj,k(T)
r "o

1 .
=—[Z(1-e"HC6 ()
I Jk

1(e) B TRSETIEN t = 200 ns BIRYYI—16 FAAREK (JRIFR circulation, 7RF
gyration) [ = (Xyp — Xp1)/+/var(vi)var(vy) , URSERSEMESHILL. 58—
B, XTH—EMRBESHFAITHFE T USRI FEa9EsIF T,

teoh, XLELERRKRE, B 1(a) PREETLIREERSER CMOS BiExT HRAEIHES
(Brownian gyrator) (—MEZBIHIAAN [48]) BIEFFLI. FrifhRAO4z2saISEI
FEBEIMAS L ANEBEREZNT I RERE [49], XERNNEFFERABEDIR S,

https://gemini.google.com/share/84af57cf4075 6/20
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NEAT-RNs TiSiE: B85/ S0 NEAT-RNs 2 FLL BRIZ BN/ INREIEEEEE
MRl 4miZtE. TEXFERBERA, AT RS2 AR A (visible nodes) 1 BT =
(latent nodes), A/, AT RZEIRAEXM I LUEEEN]SET RV EAEE (ARG
2, XIREEAMT KT LMD HEEE,

NTERE R XMIgEm e mIZY, FINWET — 1 ERBRHE2EM 3 BHE (3-
DOF) NEAT-RN, LUBEE ZM_4 (2D) 9%, W& 2(a) Fim. (FZA1S)

[£#2] (Right Column)
HEEIEE: RN HWo4&HT2E.

o (a) BIIEM—MEFIINBERERT BE 1(a) PRVBK, AR TS/ EHRTRANEHE
Bo

o (b) EIEHITEHRZE (control space exploration) 21517 8000 RiEfE, 7E [KMA-

KEL) FE MRS, HRBEEE V,, ~ 55V, VO~ 7Vro

o (c) NATE 1(a) FERRAIEMPADINAIER,

**

13787 3

...... IBMNBEHE (DOF) NMRTRMELZEINBEE, MMATFNENBEXEHTE
= R

B DB R RS RS 5 EER, T NEAT-RNs (a2, BAms,
E—AEENEREE V,, - R, BITBT—MSEIHEEREKEL (extreme
aspect ratios) HERERIRIFIIRE, LM THIRSBE V, CEEFE[0,1.75 V] ZiE). 4
I 2 FiiRo

BT ELERE 2(b) 1 2(c), FHATRILLEEIF{THY 3-DOF NEAT-RN BAELL 2-DOF hRZAER
AIREM. W TFEALERN 0 &, 3-DOF BEAIFE o ITHITE—1 b 2-DOF B KF%
HSEEIR., L L, T 0 #ik n/4 B9{E, 2-DOF BIRH o NLFTA#EiEsl, m 3-DOF
BN RIEM.

. BSBREBRASERDH

AT ERREMERTBVPRUSHEVEIE (entropy source) , BRAT4E B LR M Tk
KSR, MTFHBRRINEBEFRS, XERERELEROAL......

[£#2] (Left Column)
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...... F=ES Ve HENBEKRE. XMEEERRBEMFE (interaction voltage scale) &
FIzl—RYENR, FEFSENBMFERN [50]

SAT, AISRIIMVTCIREBR = EMERSEKE, BELMNARH ISR BEMS, &
—4# (1D) RC HR&RH:

var(V)R¢  Cr

=—, (8
15 C()

Hep Cr = q2/k T BRAZHEBITE, AEBTHN6aF (1aF=10""% %), FAR
MBREELZ (MAXFANIZ) GhSErER, HESLEXEARTZ,
C = 300 aF.,

&k, NEAT-RNs {RftHIEERARR, W TFEHEERARFATHEANEEXREE, HT
BITESTE (3) M (4) FERLHANIA NEAT-RN B9 1D 1BERME, STIR RC BERHELL,
FBEKER A EBFTK:

1+ exp(Vaa/2V7)

var(V') = 5

var(V )RC 9)

TRAREF LS ABURT Vg, T Vaa ® 6V, BKREELA 10,

HFXMHBRAMNERIEEEEN, BEEFERAERMNINIRRE, Rt UERAR
T, BEAMES, HITES I EVESEENEEEX A E = Pr, HY 1 2HHES
HIMEXBYIERE (correlation timescale) , M P SHERER I * AEMNERINE

p = VddI*o TFEaL, 1 2

C
=—, (10
r=2. (10

Heh G BAE ) 4. B8 MFpEERZEMN:

_ VgaC?

e

E Var(V)tanh(XTdch), (11)

Hrp var(V) 1A% (9) Fimro

712 (9) A (10) AR T FANRFRI—MERA L BMMERFIE . 8B~ ERIRERIE
BIREMBAERMIAIIER, BIEENT Vaa MESBRYMIRITHBE, TLUE 1 TF
EEARTAER (ELFRRER). BEEZT, BENBURTEIREBEE. MHFE (11) F, K

https://gemini.google.com/share/84af57cf4075 8/20
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ITRIUEER, SPMERERENEEHFANARAT 1, HESMENAEZLMLEHIXR (E
Vad 2> Vr BIRBRET) o

[5%] (Right Column)

BAERINE R LZMBIS IS 512 (10) 1 (11) —F2ER, "ILUAIL NEAT-RNs AJ LAEA#E
FHERFFNSMERR. 82a1E5, B C ~ 1000 aF, I} ~ 1 nA, [

AV =55Vy, BITHER/HE ~ 15al, ZER—ZRT, 3V, = 0 FPKEELI 1 A%
frEz/IME, LEEY 7 =~ 1 ns.

7~ BESEE

BMEZ, HMELIER, FATREREENZAILHIRZEAITN. I4HERSEEERN
p B, XETHENZRETURSZMS HtMEBRHAITER, MMERLHNREE
TZRWEHRITEN. FMELTECE [29] PR T XAF 5N, HEBEREKNX
SRR EERREEH,

tesh, ISR BEE AT BRERBRIGITHITERNNRE, X—ZEZAEN
RN FAURKEB D M AR BF R, NOLERHRE. SSRANBERAIMIBIZERIIRET —
AERRY 18, XUk AT A EHEE TSR [27] WFARMEVENEEIBICHE, HEERTF
IIEXLEIRIC A — P LI T 15,

5t (ACKNOWLEDGMENTS)

TM. 8 RE L= E (Isaac Chuang) SR AMFRIESIREMNEREINL

¥IETT A (DATA AVAILABILITY)
TR HRERNEIBR AFAIAL [51]

€. EFATREILSHE

(—) KR A: B[EHHIFHE. =FHIFNE (APPENDIX A)

ATEFRITRERFIAT — T It AR ARIE S S 1RABIIL S & BRI

Fo HMNWSHREERE [0,0.175 V] shZSEERY 8 il DAC (¥uiRizifas) , BTN
HEE. STREPHEHESEERSFREMSHARNMIVEASR (XERASFBER
—&RF (die) ESKHL) KHEITNE. XTBRAEATFRIERMESEOHINEITHS, UERE
A 1-GHz K= # 1T E,

(Z) MR B: BRIEAER B BUWRFE (APPENDIX B)

https://gemini.google.com/share/84af57cf4075 9/20
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BHANTZ R [27] PRI B FHEERRMENER, ERERPNGMESSGER
IMEHBIIEAE, BRAVASHEBRT S (BMAEARL......) FRVAERBAEBCEER,

[£#£] (Left Column)

...... SHERITHSS), H—1 A2 n € N4, Hhd SERTSNRE, B
HNEBRTRALUBSHEHZES| p > 0 tMRNESHRE (CRE. BELE. RFESE)
Ei. MR—MESRUERERTERTRZE, BAERBREUEE(TZEN Ak
Ho WFERp, RIMMHERESENGN - n+ A, DE—PEREEE (transition
rate) Ap(n), HFARAESEH n - n+ A, DE—NEREERE A ,(n), HAF

Ap = —A—po EAAFAZRERIEEN, MAE A, 5T N FEREERSETHIRE

n NZE K,

SHFEMRE n, BETENEEYATIHERN Y =q.C 'n+v,, Hb C ZEEETANE
R FERAER, g REABENEE, v, ERATRRETRENEHAE, 18
Pi(v) AH7EEtE] t MERNBE v BIRR, ST haifviER, P(v) BUENERE £HE

(master equation):

atPt(V) =2 }\p(v - QeC_lAp)Pt(V - QeC_lAp) - Z)\p(v)Pt(V)’ (B1)
p p

AT HERE, BITERTIES, BEEKA(v) WA TEE v R ZS/RATKB
IR ¥ BOEIE (diffusive approximation) F] LUBII X 53 (B1) BRI 2R ER- BV /RIE
FF (Kramers-Moyal expansion) #1T I &liRIXE, XN FABERIE

| 1 Cl | > Cro EXMBERT, H1E (BL) ELAER-ZEATSTE (Fokker-Planck
equation) , XEKERANINERUHUTHERDN REREVIRS 75T (SDE) KE i
iR

C -dv = p(v)dt+ 4/2K(v) -dW, (B2)

Hih W 2490352 (Wiener processes) MEE, ZEBIELTEMNITHIA, B EHE
REARRVHKSE [52,53], BERKESRETEZERR P (v) N—MEMZMIE [54]. EiEME
£ (drift vector) p(v) F¥ 8UERE (diffusion matrix) K(v) AT LLMERGERE A, (v) 3k
1§ MR, SESHMH p HXNHMEIERR A,,(v) GEBSEDT ANF—BEXR [27]
S5HBERKAR (1-V) #H% [(Av) XBEEX:

Aip(V) = Ap(v) = I(AV,)/Ge, (B3)

https://gemini.google.com/share/84af57cf4075 10/20
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Ap(V) + A, (v) = coth (Av,/2Vr) I,(Av,)/qe.

[5%] (Right Column)
FBAAIE (B3), ATLFKSERAE u(v) MY 8UERE K(v) BT RIER:

pv) = 3 I,(Avp)A,
p

K(v) = %zlp(Avp)coth (Av,2Vp) A, - AT, (B4)
p

Heh Av, 284 p FERE v THHBER,
HFEEHEUEESRSIF v B, BERE u(v™) = 0 B, 5712 (B2) MK
MBS AT LU S 7

C-dv=-G-(v—-v™)dt++/2k,GT -dW, (B5)

HhBANEN TERESIERE G (FTEN Gy = —0,1;(v™)) URBRBEER
T = G'K(v™*)kye ERENDZFMBREDHEIENPHSIE (1) M (2) A,

&E, BITERRINT—4IER, HiE (B5) WAMKMNFARUT BEEMEXEE:

X((St) — Iﬂe—(G/C) | 8t |

C , (B6)

XEMETUT &£2 (Lorentzian) BiHIHFLFE (PSD):

P(f) = (B7)

Py
1+ (flfo)*

EI:FI P() = 4ka /G: Iﬁlﬁj fo = G/(27TC)0

(=) KR c: BF EKV WRIEREE (APPENDIX C)

BNAESZB— T RIRN R 1828 [A0E 1(a) FIRHANREN —NREE]. RIEEERK
SIAH2RFE (DIBL) MAY EKV AR R (405K [55] FiR), 7 NMOS &146E

https://gemini.google.com/share/84af57cf4075 11/20
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RV A T ATt

In = Ig 10g2 (1 + e(ng_VtZ)/Znn e_Vsb/zeYans/z) _ I(l)’l logz (1 + e(ng—VtZ)/Znn e—de/2e—yanS/2)

)

>
Hrn 161\ tg‘ nn gl Yn SRS, 7FItEBE ng = Vn\ Vsb = 0. de = Vds =viy
DHREBE Vi ARAHITRT. HENRATRAE TR PMOS REFENER I,, XX
EXMBH L VP n, LRy, DBIEL - —I, #TER, HEREE

Vgb = =(Vp = Vaad)s Vs =0s Vgp = Vigs = =(v = Vaaa)o

[£#] (Left Column)

AT AR LRGSR, XRRAETEMEERN. LEE, H(I5ERE
eWVar™Vr)2my & 1 WL EMEIRTS, H72B& DIBLIM (BHEE v, =y, = 0)o A, BER
I, A I, EBEAUTXTRE T REE v BRI

L) = et (1 - ¢

Cp

I,(v) = I}e"™ (1-e7), (C2)
N

Cn

Hep B TIIEET e Vo e BAT TR ENEH 0P 2, BEMBLEE v HE
L(v*) = L(v*), EEREMT, TUSHEKXR:

¥ eVdd

2
e == (1—2—”)+\/(1—z—”) +4z—”e-vdd . (C3)
1% 1% 1%

ERZAT, Fh BRESR AU TAGT:

G = VT_I\/(CP —Cp)? +4c,cpeVa L (C4)

tesh, BRCRE BT AT A
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*

qel
2G

kT = [coth((Vag — v™)/2) + coth(v*/2)], (C5)

Heh [* = (¢, +cn — VrG)2 ARSI, %, = ¢, B, BEDARIEXHEENTER
. [EXHHRANERIGHIE RAEENVLEERIZE (subthreshold slopes) #3791 (BP3E
FiER42E n,, = Do

(M) FKix D: $Hik5347 (APPENDIX D)

3(a) BR T EFARILIERET, MEEIFFIFHREHESINGES vi NRERE
(PSD), &1 PSD LGB BELET 7 EAUMREMNE#HITINEHNER:

Pp L
L+ (fifoy>  f©

SN TF BICLEEE, XEZARNTHELRIBICEH T, SIS EHRR
ST ESHAIA LIRS (pink noise) , MEE—HNE R T BlaeSIMERIRAIR (540
JARLR) MR FIBESTESIEN. (FAE)

P(f) = +B. (D1)

[£5#] (Right Column)

~AE/EE: -

IEXX 7
XD R AVPRESHEINERE S EHF 7 AR ERISIET, Y0E 3(b) Frimo
&E, BITERR, AILUBEESE Py M fo itBEEENEEN kT = CfyPon/2, HA

C RFNHCRABENRMEES [HM, WFEMRARE, ERAEEE C,, NEER
Cp 5, M C = Cy + 1/(1/Cy + 1/Cp)lo

*%

() MR E: BIESHSEEMS (APPENDIX E)
B EIE SIEICERH T2 A =R

1. MES PR IERNESE S,

2. ¥ U/f BREREITEBERE,

3. ETURIMBXEHESREREMR, RIQIEFFIFRT ORISR LTS
[51] F#El,
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EE—MER, WTFENRHEE, HNETHIE (B4). (B5) M (C1) FEINEFIIMmHEE
(V). 5K fo URBWEBE kT, EREZETERNINE (BEEE 4) DETR. EiR
(Panels) (a) #1 (b) B/~, BEFHZ (Cl) FIRE BEBRIFHIEIR A AN HE, MEIR
(c) M=Z......

[£%=] (Left Column)

HREEE: --

123°8°2: 3

...... A(c) LR KBS, BRATE (B4) F K(v) By BRIMEAEEERIE (shot-noise
modeling assumption) BEFSIRIFHIIEARFRRA TIERE TRV BB RKE-

TEEZME, RITMBEREER IR (pink-noise) AZE MTEM [ILE 3(b)],
ERESBHETNE AR, MOS RGNS E SRR IRE NI HE
FERORKSE FR T TARHS R2R0 EMEFREE Vi, MOBENLECE, LM 4E T — DT

Uf BOSTIE [33-37] BFHIE (CL) MEMRIBRMER (do) BELHT IMESHIF, 1=
(T —TTEIRME V), R AMST SN SRS AN G F. A, RIIRBEEEE
gy = | OV OV, |, ERRTHEMBLEE v MAREERESQHMsH
RN, FIBERI—MERINEISE, AR MER I B X g 2s [
5a)e 1BE, MEIERNTFAMEEOMRERMETER, RESRE V,” IR
E5 Spps BA...... (L)

*%*

[£%] (Right Column)

~HREEE: --

IEXXZ
...... E—EEERRHESIEKENRU T AL :
Suf = gnSn + gﬁSp +So, (E1)
Hep So it N T SMNEBESRRAER, BRSPS RN=TEEREEMI, E 5 R TEN

TERRBHBRIESSIRENETE, UNERSE (E1) BENIMSER, KB,
REZFETHAER, BARUBRERHINERS.
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TERE—TME, RITEEIRBEXFNAGTRE 2) RENMAEEME, SERAITEST
SKIOMB R h A EREFEHITILR, MMEN GitREEBENEEREIEER,

BRREOT: MERES—MERBHRESY, HESITI IR T2EE ki858
WEBES GMBEMEE T, AL, LE—KBENR Ci« C, M C, EWENEBERER
C, BHNKRESIZ 2) P FREBXFE, LURSTERIMAD ERERE X, &7 EEM
5 MSRIR RGBT EREFEH1TIT L. SRR S EREERINATREN L ER
BN E, WEREIRMEXME X (6t =0) MA.....

**

[£#] (Left Column)

REEE: --

1237873

...... (SRBE T A EEFERIAF ATRUZE) WRENEXME X (6t = 0), ZIEN
LR UNE 6 Fimo

fxja, EXTRE 1(d) M 1(e) B T RaiEFy (AEEFRBRESTE) Kihh =Rk
HUKBILL (aspectratio) kA (angle). HERIERPHIELSEIE &N EEM

Xr = XL + Xy MAEIRERITRERFHN, Hih X, S@IKELIE 2) FHFHEIEX
FIERSHY, M Xy B— DA, HITE Sy M Sy WIRIESEE (E1) RS H,

**

(R) MR F: IFHREAE (APPENDIX F: GYRATION COEFFICIENT)

BIMESRETIEREXNSE (7) MRS, RITEGIET, ERARET, R
HA% X, (60) FTUS

X80 =] dvf av (v, = v )v; = v/ P(V,t+6t | v,HP(v)

=[ dv(v; - vjﬂl< ) [e_&c_lG (v-v* )]k P(v)
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—6tC_1GZ] = [z e—&GC‘l] . (F1)
k,j jik

=[e

HR#NRATIFES. HT5%E (B5) FHIZXIEITE, ZUBMEP(V,t+6t | v, 0) =2
—PNEELESTR MBI TIIE (V) = v +e7%C O (v-v¥ ) EHHE, HER
... (FFEE)

[£%] (Right Column)
...... HBBREDE P(v) BARR (1) At

REMEEA BN A BRARSAR [ die™ = A1(1 - e7i4) (tbhd t NN IERS
8), AAHRSHAER (7).

I\« BEER

(O NFRIEDEH, RERIEERATIS, 1Z5AENFIECX )
e [11R. Dennard. F. Gaensslen. H.-N. Yu. V. Rideout. E. Bassous. and A.
LeBlanc, Design of ion-implanted MOSFET’s with very small physical

dimensions (EE %/ WIEBRTHEFEN MOSFET BYi&it), IEEE J. Solid-State
Circuits 9, 256 (1974).

« [2] H. Nyquist, Thermal agitation of electric charge in conductors (S{&xHEE{EAY
HAEED), Phys. Rev. 32, 110 (1928).
e [3]L.B. Kish, End of Moore’s law: Thermal (nhoise) death of integration in micro

and nano electronics (B/RERINARL. HMEBEFSNKBFERNHR (IRF) Buk/
ZET0), Phys. Lett. A 305, 144 (2002).

e [4]1E. Rezaei. M. Donato. W. R. Patterson. A. Zaslavskv. and R. I.
Bahar, Fundamental thermal limits on data retention in low-voltage CMOS

latches and SRAM (/£ CMOS $ii7723#1 SRAM HUBRIFHIIRAI I FIRIR), IEEE
Trans. Device Mater. Rel. 20, 488 (2020).

e [5] B. R. Zink, Y. Lv, and J.-P. Wang, Review of magnetic tunnel junctions for

stochastic computina (FAF RN ITERIELEFRELE4RIR), IEEE J. Explor. Solid-
State Comput. Devices Circuits 8, 173 (2022).

e [61S. Chowdhurv. A. Grimaldi. N. A. Aadit. S. Niazi. M. Mohseni. S. Kanai. H. Ohno,
S. Fukami, L. Theogarajan, G. Finocchio et al., A full-stack view of probabilistic

computing with p-bits: Devices, architectures, and algorithms (¥JF p-bit ##17#}

RITENSHRNA: 884, ZEM5E%), IEEE J. Explor. Solid-State Comput. Devices
Circuits 9, 1 (2023).

e [71J. Kim. J.-K. Han. H.-Y. Maena. J. Han. J. W. Jeon. Y. H. Jana. K. S. Woo. Y.-K.
Choi, and C. S. Hwang, Fully CMOS-based p-bits with a bistable resistor for

https://gemini.google.com/share/84af57cf4075 16/20



2026/3/22 18:45 Gemini - direct access to Google Al

probabilistic computina (F| AR EBASLIINE CMOS R 1+58 p-bit), Adv.
Funct. Mater. 34, 2307935 (2024).

e [81I1. Ahmed. P.-W. Chiu. W. Mov. and C. H. Kim. A nrobabilistic combute fabric
based on coupled ring oscillators for solving combinatorial optimization

problems (B TSR 7230 THEAA S LRI ZRITEMZR), IEEE J.
Solid-State Circuits 56, 2870 (2021).

e [9] W. Lee, H. Kim, H. Jung, Y. Choi, J. Jeon, and C. Kim, Correlation free large-
scale probabilistic computing using a true-random chaotic oscillator p-bit ({58
HEENE IR A28 p-bit AR AFIEEZ115), Sci. Rep. 15, 1 (2025).

e [101J. Kim. S. S. Woo. and R. Sarpeshkar. Fast and nrecise emulation of
stochastic biochemical reaction networks with amplified thermal noise in

silicon chips (TEEESF _EFI BB RCRBIFAME R 3 REM A4 (U I N 4R 1 1T IFRR M As F RY
{AE), IEEE Trans. Biomed. Circuits Syst. 12, 379 (2018).

e [11] W. A. Borders, A. Z. Pervaiz, S. Fukami, K. Y. Camsari, H. Ohno, and S.
Datta, Integer factorization using stochastic magnetic tunnel junctions (B
MUEE BB 25 LI R 4 E T 73 %), Nature 573, 390 (2019).

e [121 N. S. Sinah. K. Kobavashi. O. Cao. K. Selcuk. T. Hu. S. Niazi. N. A. Aadit. S.

Kanai, H. Ohno, S. Fukami et al., CMOS plus stochastic nanomagnets enabling
4 A

heterogeneous computers for probabilistic inference and learning (CMOS 455
FEAN AR (ERAD T BN S H TR R HEIEAF 3]), Nat. Commun. 15, 2685
(2024).

e [13] R. Faria, K. Y. Camsari, and S. Datta, Low-barrier nanomagnets as p-bits for
spin logic (KRB 290K A(E R BReZ4ER p-bit), IEEE Magn. Lett. 8, 1 (2017).

e [14] K. Y. Camsari, R. Faria, B. M. Sutton, and S. Datta, Stochastic p-bits for
invertible logic (FFrIi¥IZ5BRIFEA p-bit), Phys. Rev. X 7, 031014 (2017).

e [15] K. Y. Camsari, S. Salahuddin, and S. Datta, Implementing p-bits with

embedded MTJ (FJHERAIL MTJ S p-bit), IEEE Electron. Device Lett. 38, 1767
(2017).

(F: IESANEXITEIFXEZZEE)

e [161Y. Shao. C. Duffee. E. Raimondo. N. Davila. V. Lobpez-Dominauez. J. A. Katine,
G. Finocchio, and P. K. Amiri, Probabilistic computing with voltage-controlled
dynamics in magnetic tunnel junctions (B4R iE %S F) B B EITHIsh I ZH 1T
Zit+5), Nanotechnology 34, 495203 (2023).

e [171D. Vodenicarevic. N. Locatelli. A. Mizrahi. J. S. Friedman. A. F. Vincent. M.
Romera. A. Fukushima. K. Yakushiii. H. Kubota. S. Yuasa et al.. Low-enerav truly
random number generation with superparamagnetic tunnel junctions for

unconventional computing (F!| BiBINkEAE B L I ERITE LR REEFEEREN
#0), Phys. Rev. Appl. 8, 054045 (2017).

e [181K. Yana. O. Dona. Z. Wana. Y.-C. Shih. Y.-D. Chih. J. Chana. D. Blaauw. and D.
Svlvester. in 2018 IEEE Symposium on VLSI Circuits (IEEE, Honolulu, HI, USA,
2018), pp. 171-172.

https://gemini.google.com/share/84af57cf4075 17/20



2026/3/22 18:45 Gemini - direct access to Google Al
e [191D. Edelstein. M. Rizzolo. D. Sil. A. Dutta. J. DeBrosse. M. Wordeman. A. Arceo,
I. Chu. J. Demarest. E. R. Edwards et al.. in 2020 IEEE International Electron
Devices Meeting (IEDM) (IEEE, San Francisco, CA, USA, 2020), pp. 11.5.1-11.5.4.

e [201J. Daniel. Z. Sun. X. Zhana. Y. Tan. N. Dillev. Z. Chen. and J.
Appenzeller, Experimental demonstration of an on-chip p-bit core based on

stochastic magnetic tunnel junctions and 2D MoS2 transistors (&-JFa# &R
BN 4 MoS2 &AER A L p-bit i OBIKIEET), Nat. Commun. 15, 4098
(2024).

o [211J. Kaiser. W. A. Borders. K. Y. Camsari. S. Fukami. H. Ohno. and S.

Datta, Hardware-aware in situ learning based on stochastic magnetic tunnel
iunctions (BT RENELE X E S RVEH AR (IF 3), Phys. Rev. Appl. 17, 014016
(2022).

o [221P. Korkmaz. B. E. Akaul. K. V. Palem. and L. N. Chakrapani. Advocatina noise
as an agent for ultra-low energy computing: Probabilistic complementary
metal-oxide-semiconductor devices and their characteristics (3218 {FAHBIK
REAEITEIEN . BMIREEBEUYF IS RERFE), Ipn. J. Appl. Phys. 45,
3307 (2006).

e [23] K. Palem and A. Lingamneni, Ten years of building broken chips: The
physics and engineering of inexact computing (31i& 5RO F +E: RiEHit
BWYIIEE 5 TFE%), ACM Trans. Embed. Comput. Syst. (TECS) 12, 1 (2013).

e [24] J. Holleman, S. Bridges, B. P. Otis, and C. Diorio, 3 yW CMOS true random

number generator with adaptive floating-gate offset cancellation (5585 Bi&MN ¥
WE<IEEBRINEERY 3 L CMOS EREN# a4 28), IEEE J. Solid-State Circuits 43,
1324 (2008).

e [251J. Bae. J. Koo. C. Shim. and B. Kim. in 2024 IEEE International Solid-State
Circuits Conference (ISSCC) (IEEE, San Francisco, CA, USA, 2024), Vol. 67, pp.
284-286.

o [26] R. Sarpeshkar, T. Delbruck, and C. A. Mead, White noise in MOS transistors
and resistors (MOS & {&AE I FBEPE2ZFHYHES), IEEE Circuits Devices Mag. 9, 23
(1993).

e [271N. Freitas. J.-C. Delvenne. and M. Esposito. Stochastic thermodvnamics of
nonlinear electronic circuits: A realistic framework for computing around

kT (AF&RME B FEBERIBANE: —MNBETFES KT #1TitREIISLIESS), Phys.
Rev. X 11, 031064 (2021).

o [281 E. Morifuii. T. Yoshida. M. Kanda. S. Matsuda. S. Yamada. and F.
Matsuoka, Supply and threshold-voltage trends for scaled logic and SRAM

MOSFETs (¥£tbfl4s/\a9iZ 58] SRAM MOSFET BYEB R REREED), IEEE
Trans. Electron. Devices 53, 1427 (2006).

e [29] A. JelinCic, O. Lockwood, A. Garlapati, G. Verdon, and T. Mccourt, An efficient
probabilistic hardware architecture for diffusion-like models (F8F# EX &R A

=BT R EEEZRM), arXiv arXiv:2510.23972, Submitted to npj Unconventional
Computing.

https://gemini.google.com/share/84af57cf4075 18/20



2026/3/22 18:45 Gemini - direct access to Google Al

[30] G. Reimbold and P. Gentil, White noise of MOS transistors operating in

weak inversion (7£55 R B X T{ERY MOS S&{IAEHIHIEFE), IEEE Trans. Electron
Devices 29, 1722 (1982).

311 S. Tedia. H. H. Williams. J. Van der Soieael. F. M. Newcomer. and R. Van
Berg, Noise spectral density measurements of a radiation hardened CMOS

process in the weak and moderate inversion (£55 & 2¢FH % ik B X H 425
CMOS T ZHIEEEZENE), IEEE Trans. Nucl. Sci. 39, 804 (1992).
[321 H. Tian. B. A. Fowler. and A. El Gamal. in Sensors. Cameras. and Svstems for

Scientific/Industrial Applications (SPIE, San Jose, CA, United States, 1999), Vol.
3649, pp. 177-185.

331 A. G. Mahmutoalu. A. Demir. and J. Rovchowdhurv. in 2013 IEEE/ACM
International Conference on Comouter-Aided Design (ICCAD) (IEEE, San Jose, CA,
United States, 2013), pp. 500-507.

341 B. Stampfer. A. Grill. and M. Waltl. in Noise in Nanoscale Semiconductor
Devices (Springer, 2020), pp. 229-257.

[35] H. Tian and A. El Gamal, Analysis of 1/f noise in switched MOSFET

circuits (F7Fx MOSFET &R 1/f I$EHYS34F), IEEE Trans. Circuits Syst. Il: Analog
Digit. Signal Process. 48, 151 (2001).

[36] C. Jakobson, I. Bloom, and Y. Nemirovsky, 1/f noise in CMOS transistors for
analog applications from subthreshold to saturation (F§F &\ I CMOS &
RERMIEFERIEFEXE 1/f 1), Solid State Electron. 42, 1807 (1998).

[37] M. Kirton and M. Uren, Noise in solid-state microstructures: A new
perspective on individual defects, interface states and low-frequency (1/f)
noise (BTG PRIERE . XTFTRNMREE. FESHESR (L) RERFHWA), Adv.
Phys. 38, 367 (1989).

[38] S. Ciliberto, A. Imparato, A. Naert, and M. Tanase, Statistical properties of the
energy exchanged between two heat baths coupled by thermal fluctuations (&
WK S RN AEZ [BIRSIIRBFEi4FE), J. Stat. Mech. 2013, P12014
(2013).

[39] M. Baiesi, S. Ciliberto, G. Falasco, and C. Yolcu, Thermal response of
noneaquilibrium RC circuits (JEF % RC EERAEE /ML), Phys. Rev. E 94,
022144 (2016).

[40] N. Freitas, J.-C. Delvenne, and M. Esposito, Stochastic and quantum
thermodvnamics of driven RLC networks (ZIX RLC MEMFENS 8 FH1F),
Phys. Rev. X 10, 031005 (2020).

[41] C. C. Enz and E. A. Vittoz, Charge-Based MOS Transistor Modeling (BT B {&RY
MOS SR AEEIE) (John Wiley & Sons, Ltd, 2006).

[42] T. Sekigawa and Y. Hayashi, Calculated threshold-voltage characteristics of
an XMOS transistor having an additional bottom gate (& ZiSMNEMIFY XMOS &
AEMITEFEREFM), Solid-State Electron. 27, 827 (1984).

https://gemini.google.com/share/84af57cf4075 19/20



2026/3/22 18:45 Gemini - direct access to Google Al
e [431S.-Y. Wu. C.-H. Chana. M. Chiana. C. Lin. J. Liaw. J. Chena. J. Yeh. H. Chen. S.
Chana. K. Lai et al.. in 2022 International Electron Devices Meeting (IEDM) (IEEE,
San Francisco, CA, USA, 2022) pp. 27.5.1-27.5.4.

e [441J. Liu. S. Mukhopnadhvav. A. Kundu. S. Chen. H. Wana. D. Huana. J. Lee. M.
Wana. R. Lu. S. Lin. Y. Chen. H. Shana. P. Wana. H. Lin. G. Yeapn. and J. He. in 2020
IEEE International Electron Devices Meeting (IEDM) (IEEE, San Francisco, CA,
USA, 2020), pp. 9.2.1-9.2.4.

e [45] N. Ohga, S. Ito, and A. Kolchinsky, Thermodynamic bound on the asymmetry

of cross-correlations (EMEX A FRMERHRSIFERIR), Phys. Rev. Lett. 131, 077101
(2023).

o [46] S. Liang and S. Pigolotti, Thermodynamic bounds on time-reversal
asymmetry (B8] BRI FRIR), Phys. Rev. E 108, L062101 (2023).

o [47] J. Gu, Thermodynamic bounds on the asymmetry of cross-correlations
with dynamical activity and entropy production (¥8 5h 1% &M= LN EHE
I AT EFRIR), Phys. Rev. E 109, L042101 (2024).

(F: EFEEANEXIFBHIFXEZEF)

o [48] R. Filliger and P. Reimann, Brownian gyrator: A minimal heat engine on the
nanoscale (fiBA[EI3%28 . HURKHIR/NFANL), Phys. Rev. Lett. 99, 230602 (2007).

e [49] K.-H. Chiang, C.-L. Lee, P.-Y. Lai, and Y.-F. Chen, Electrical autonomous
Brownian gyrator (B3 H E#BA[OI3%28), Phys. Rev. E 96, 032123 (2017).

o [50] S. Arrhenius, Uber die Dissociationswirme und den Einfluss der
Temperatur auf den Dissociationsgrad der Elektrolyte (X T2 M IARGEEITE
FRRARBEEERISZME), Z. Phys. Chem. 4, 96 (1889).

e [51] Extropic Corp., Dataset for “Taming non-equilibrium thermal fluctuations in
subthreshold CMOS circuits” ($ESE: “EIF{E CMOS BB H)IARIEF &k
$%”), Zenodo (2026), https://doi.org/10.5281/zenodo.18636981

o [52] P. Hanggi, H. Grabert, P. Talkner, and H. Thomas, Bistable systems: Master
equation versus Fokker-Planck modeling USSR Y. T HESRER-ZETER
RIXFEL), Phys. Rev. A 29, 371 (1984).

o [53] D. Roberts, T. McCourt, G. Massarelli, J. Rothschild, and N. Freitas, Improved
diffusive approximation of Markov jump processes close to equilibrium (1ZiEF
BRSNS /R el K BkERS FERIUH Y BEI), Phys. Rev. Res. 8, 013161 (2026).

o [54] A. Gopal, M. Esposito, and N. Freitas, Large deviations theory for noisy
nonlinear electronics: CMOS inverter as a case study (MEIELIEEFEHAR
Z12i¢: L CMOS 1828 /3ffl), Phys. Rev. B 106, 155303 (2022).

e [55] A. Low and P. Hasler, in 42nd Midwest Symposium on Circuits and Systems

(Cat. No. 99CH36356) (5 42 P ASPERS RAFAHITR) (IEEE, Las Cruces,
NM, USA, 1999), Vol. 1, pp. 141-144.

https://gemini.google.com/share/84af57cf4075 20/20


https://doi.org/10.5281/zenodo.18636981

	ACKNOWLEDGMENTS
	A. APPENDIX A: FABRICATION, CONTROL, AND MEASUREMENT OF THE DEVICES
	B. APPENDIX B: SHOT-NOISE MODELS AND THEIR DIFFUSIVE LIMIT
	C. APPENDIX C: EKV-BASED MODEL OF AN INVERTER
	D. APPENDIX D: SPECTRAL ANALYSIS
	E. APPENDIX E: DATA ANALYSIS AND MODEL FIT
	F. APPENDIX F: GYRATION COEFFICIENT
	. References
	Nonlinear thermodynamic computing out of equilibrium
	Results
	Thermodynamic neurons
	Thermodynamic neural network
	Programming a thermodynamic computer
	Machine learning with a thermodynamic computer

	Discussion
	Methods
	Data availability
	Code availability
	References
	Acknowledgements
	Author contributions
	Competing interests
	Additional information


